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Classical multiple testing theory prescribes the null distribution, which is
often too stringent an assumption for nowadays large scale experiments. This
paper presents theoretical foundations to understand the limitations caused
by ignoring the null distribution, and how it can be properly learned from
the same data set, when possible. We explore this issue in the setting where
the null distributions are Gaussian with unknown rescaling parameters (mean
and variance) whereas the alternative distributions are let arbitrary. In that
case, an oracle procedure is the Benjamini—-Hochberg procedure applied with
the true (unknown) null distribution and we aim at building a procedure that
asymptotically mimics the performances of the oracle (AMO in short). Our
main result establishes a phase transition at the sparsity boundary n/log(n):
an AMO procedure exists if and only if the number of false nulls is of or-
der less than n/log(n), where n is the total number of tests. Further sparsity
boundaries are derived for general location models where the shape of the null
distribution is not necessarily Gaussian. In light of our impossibility results,
we also pursue the less stringent aim of building a nonparametric confidence
region for the null distribution. From a practical perspective, this provides
goodness-of-fit tests for the null distribution and allows to assess the relia-
bility of empirical null procedures via novel diagnostic graphs. Our results
are illustrated on numerical experiments and real data sets, as detailed in a
companion vignette (Roquain and Verzelen (2021)).

1. Introduction.

1.1. Background. In large-scale data analysis, the practitioner routinely faces the prob-
lem of simultaneously testing a large number n of null hypotheses. In the last decades, an
impressive amount of multiple testing procedures have been developed (see, e.g., Dickhaus
(2014)). Theoretically-founded control of the amount of false rejections are provided notably
by controlling the false discovery rate (FDR), that is, the average proportion of errors among
the rejections, as done by the famous Benjamini—-Hochberg procedure (BH), introduced by
Benjamini and Hochberg (1995). However, most of the FDR controlling procedures devel-
oped in the multiple testing literature rely on the fact that the null distribution of the test
statistics is known, either for finite n or asymptotically. This is in plain contrast with com-
mon practice, where the null distribution is often misspecified:

o The null distribution can be wrong. This phenomenon, pointed out in a series of pioneering
papers Efron (2004, 2007, 2008, 2009) and studied further in Schwartzman (2008, 2010),
Azriel and Schwartzman (2015), Stephens (2017), Sun and Stephens (2018) is illustrated
in Figure 1 for four classical datasets. As one can see, the theoretical null distribution
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F1G. 1. Histograms of the test statistics (rescaled to be all marginally standard Gaussian), for three data sets
presented by Efron: Golub et al. (1999) (top left); Hedenfalk et al. (2001) (top right); van’t Wout et al. (2003)
(bottom left); and Bourgon, Gentleman and Huber (2010) (bottom right). The solid curve is the standard Gaussian
density. Pictures reproducible from the vignette Roquain and Verzelen (2021).

N (0, 1) does not faithfully describe the overall behavior of the measurements. As a result,
using this theoretical null distribution into a standard multiple testing procedure (e.g., BH)
can lead to an important resurgence of false discoveries. Markedly, this effect is sometimes
more severe than simply ignoring the multiplicity of the tests (see Roquain and Verzelen
(2021)), and thus the benefit of using a multiple testing correction can be lost.

o The null distribution can be unknown. Data often come from raw measurements that have
been “cleaned” via many sophisticated normalization processes in which case the practi-
tioner has no prior belief in the null distribution. Hence, the null distribution is implic-
itly defined as the “background noise” of the measurements and searching signal in the
data boils down to make some assumption on this background (typically Gaussian) and
find outliers, defined as items that significantly deviate from the background. This occurs
for instance in astrophysics data sets (Miller et al. (2001), Sulis, Mary and Bigot (2017),
Szalay, Connolly and Szokoly (1999)).

To address these issues, Efron popularized the concept of empirical null distribution, that
is, of a null distribution estimated from the data, in the works Efron et al. (2001), Efron
(2004, 2007, 2008, 2009) notably through the two-group mixture model and the local FDR
method. Therein, an important message is that a significant improvement can already be
obtained by replacing the theoretical null A/(0, 1) by a Gaussian A (6, c?) with unspeci-
fied scaling parameters 6 and o. These works paved the way for many extensions (Cai and
Jin (2010), Cai and Sun (2009), Cai, Sun and Wang (2019), Heller and Yekutieli (2014),
Jin and Cai (2007), Muralidharan (2010), Nguyen and Matias (2014), Padilla and Bickel
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(2012), Rebafka, Roquain and Villers (2019), Sun and Cai (2009)), which make this type of
techniques widely used nowadays, mostly in genomics (Amar, Shamir and Yekutieli (2017),
Consortium et al. (2007), Jiang and Yu (2016), Zablocki et al. (2014)) but also in other applied
fields, such as neuroimaging; see, for example, Lee et al. (2016). However, when available,
the theoretical FDR controlling properties often rely on stringent assumptions on the under-
lying mixture model (parameters fixed with n, specific alternatives and existence of suitable
parameter estimators), which are not met in general.

1.2. General aim. In this work, we propose to fill this gap. We consider the issue of con-
trolling the FDR when the null distribution is Gaussian A (6, o2), with unspecified scaling
parameters 6 € R, o > 0, whereas the alternative distributions are let arbitrary as in the origi-
nal framework of Benjamini and Hochberg (1995). This provides a general and simple setting
to address the following question:

When the null distribution is unknown, is it possible to build a procedure that both controls the FDR
at the nominal level and has a power asymptotically mimicking the oracle?

Here, the oracle procedure corresponds to the classical Benjamini—-Hochberg (BH) procedure
the statistician would have carried out if an oracle had given them the true values 6, 0>. When
it exists, a procedure satisfying the two properties defined above is henceforth said to be AMO
for asymptotically mimicking the oracle.

We refer the reader to Section 7.4 for a discussion about the choice of this oracle procedure.

1.3. Our contributions. We consider a setting where the statistician observes indepen-
dent real random variables Y;, 1 <i <n. Among these n random variables, at least (n — k)
follow the unknown null distribution \'(9, %) and the remaining variables follow arbitrary
and unknown distributions. Hence, k is an upper bound of the number of false nulls, which is
referred henceforth as the sparsity parameter. The latter plays an important role in our results.
A reason is that having few observations under the alternatives (i.e., k small) facilitates de
facto the problem of estimating the null distribution. Our model is formally introduced in
Section 2 whereas its assumptions (normality, independence) are further discussed in Sec-
tion 7.

In this manuscript, we first establish the following phase transition (illustrated in Figure 2):
when k is much larger than n/log(n), no AMO procedure exists. Hence, any multiple testing
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FIG. 2. Phase transition k < n/logn for n < 10%. Identifiability requires k < n/2. “AMO” stands for “asymp-
totically mimicking the performances of the oracle.” For illustration, point (7680, 200) (circle) from the data set
van’t Wout et al. (2003) and point (9038, 400) (star) from the data set Bourgon, Gentleman and Huber (2010)
have been added (assuming less than k = 200 and k = 400 true signals, resp.). Under these assumptions, both
data sets fall into the AMO possible regime, below the sparsity boundary.
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procedure either violates the FDR control or is less powerful than the oracle procedure. On
the other hand, when k is much smaller than n/log(n), there exists a simple AMO procedure
defined as follows: first compute the corrected p-values by plugging robust estimators of 6
and o2 and then apply a BH procedure to these corrected p-values. This type of procedures
is referred henceforth as a plug-in BH procedure. Figure 3 illustrates the behavior of such a
plug-in procedure for different plugged values (u, s%) of the scaling parameters correspond-
ing to the true, misspecified or estimated values of (6, o). This simple example shows that
a wrong scaling of the null distribution can lead to poor performances, with either an un-
controlled increase of false discoveries (top-right panel), or an uncontrolled decrease of true
discoveries (bottom-left panel). By contrast, fitting the null distribution with robust estima-
tors of 6 and o2 (bottom-right panel) seems to nearly mimic the oracle procedure (top-left
panel), that is, BH procedure with the true scaling parameters (62, o).
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FI1G. 3. [llustration of the plug-in BH procedure with different plugged null distributions. The data have been
generated as independent Y; ~ N (0 + u;, (72),f0r wi=0,1<i<ng, uj=5ng+1<i<nog+ny/2 and
ni=-=3,n9g+n1/2+1<i <n forn=1000, ng =850,n1 =150,60 =1, 02=4,a=02. Each panel displays
the same overlap of the two following histograms of the data: colored in pink, the histogram of the Y;, 1 <i <ny,
generated under the null; colored in blue, the (rescaled) histogram of the Y;, ng + 1 <i < n, generated under
the alternative. The plug-in BH procedure is applied at level o = 0.2 and its rejection threshold is displayed by
the vertical dashed lines: the rejected null hypotheses correspond to the Y;’s above the most-right vertical dashed
line and below the most-left vertical dashed line. The FDP is the ratio of the false rejection number to the total
rejection number; see (2) below. The TDP is the ratio of the true rejection number to the total number of false
nulls (n1); see (3) below. The plug-in BH procedure uses rescaled p-values p; (u,s) =2®(|Y; —u|/s), 1 <i <n,
where ® is the tail distribution of the standard normal distribution (see (4) below) using different values of u,
s. Top left: u =1, 52 = 4; top right: u =0, 52 = 1; bottom left: u = 1, 52 = 16; bottom right: u = 0 ~ 1.12,

52 =52 ~ 5.85, which are values derived from standard robust estimators; see (14) below.
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This impossibility result, together with the analysis of the plug-in procedure, is the central
result of the paper. It is then extended in several directions. First, we show a stronger impos-
sibility result that discards the existence of a procedure that always controls the FDR (even
for nonsparse cases) while having a good power for simple cases (k small). Indeed, any pro-
cedure whose FDR is controlled at the nominal level when k is above the sparsity boundary
cannot be as powerful as the oracle in simpler situations where k is below the boundary. Sec-
ond, we pinpoint the sparsity boundary when only the mean parameter 6 is unknown or, more
generally, when the density of the null distribution is arbitrary and known up to a location
parameter (non-Gaussian case).

Finally, given the size of the impossible regime (dark gray areas in Figure 3), one can
legitimately ask whether obtaining AMO procedures is not too demanding. Indeed, AMO
procedures are required to perform as well as oracle BH procedures for all possible alter-
native distribution; see the definition in Section 2.6. Besides, their behavior depends on the
true number of alternatives, which is in general unknown. This is why we also consider the
looser but also more practical aim of assessing the validity of plugged BH procedures or more
generally the validity of the empirical null approaches by a collection of tests and diagnostic
graphs. This is achieved by building a nonparametric confidence region for the null distribu-
tion. On the one hand, this nonparametric confidence region leads to a goodness-of-fit test for
the parametric assumption on the null distribution. On the other hand, we can plug this set
of candidate null distributions into BH procedures to obtain a confidence region of rejection
sets, among which the rejection set of the oracle procedure belongs to (with high probability).
Hence, the stability of these rejection sets allows to assess whether one can be confident in
the rejection sets of the plugged BH procedure. Diagnostic graphs are introduced to ease the
interpretation. We illustrate the behavior of these diagnostic graphs on classical data sets; see
Section 6 and the companion vignette (Roquain and Verzelen (2021)). More generally, these
tests and diagnostic graphs easily adapt to any plug-in type empirical null method—not nec-
essarily of the BH type—and to any candidate distribution family for the null, which makes
it very versatile.

A more detailed and accurate description of our results will be given in Section 2.6 after
the Introduction of required notation and definitions.

1.4. Related works. Many works are related to the theory developed here. First, as al-
ready mentioned, a wide literature has grown around the concept of “empirical null distribu-
tion,” elaborating upon the work of Efron. While his proposal originally relies on the Gaus-
sian null assumption, more sophisticated null distribution classes have been proposed later
(Schwartzman (2008, 2010), Azriel and Schwartzman (2015), Muralidharan (2010), Sun and
Stephens (2018)) to better model null coming from a multivariate correlated Gaussian vector.
This results in a parametric family with much more parameters to fit. Related to this, estimat-
ing the parameters of the null has been considered in a more challenging multivariate factor
model; see, for example, Fan and Han (2017), Fan, Han and Gu (2012), Friguet, Kloareg
and Causeur (2009), Leek and Storey (2008). While the authors provide error bounds for the
inferred factor models and consistency of the FDR estimates in some cases, none of these
works establish FDR controls for the corresponding corrected BH procedure.

In fact, it turns out that few works have provided theoretical guarantees for multiple testing
procedures using an empirical null distribution. Jin and Cai (2007) and Cai and Jin (2010)
proposed a method to estimate the null in a particular context, but without evaluating the
impact of such an operation when plugged into a multiple testing procedure. Such an attempt
has been made by Ghosh (2012), who showed that the FDR control is maintained under the
assumption that incorporating the empirical null distribution is an operation that can make the
BH procedure only more conservative. Nevertheless, this assumption is admittedly difficult
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to check. In Schwartzman (2008), the impact of the null estimation into the local/tailed area
FDR estimator is measured when the null distribution belongs to an exponential family, but
without further establishing FDR controlling results. Other studies have been developed in
the one-sided context, for which contaminations (i.e., nonnull measurements) are assumed
to arise on the upper tail (say) of the global distribution of the measurements (z-values).
In that case, the left tail of the distribution can be used to learn the null. Such an idea has
been exploited in Carpentier et al. (2021) to estimate the scaling parameters 6 and o within
the null V'(9, %) from the left-quantiles of the observed data. Doing so, they show that the
plug-in BH procedure has performances close (asymptotically in n) to those of the BH pro-
cedure using the true unknown scaling. In addition, relaxing the Gaussian-null assumption,
an FDR controlling procedure has been introduced in Arias-Castro and Chen (2017), Barber
and Candes (2015), by only assuming that the measurements (z-values) are symmetric un-
der the null. In that case, the null is implicitly learned by estimating the number of false
discoveries occurring at the right-hand side of the null from its left-hand side. However, the
one-sided contamination model is not the most common practical situation. The more general
and realistic case of possibly two-sided alternatives will be considered throughout the paper.

Let us mention a few additional related studies with misspecified null: in Blanchard, Lee
and Scott (2010), Mary and Roquain (2021), the null is unknown and estimated from an
independent sample, so the setting is completely different. In Jing, Kong and Zhou (2014),
the authors study the effect of nonnormality over the BH procedure using p-values calibrated
with the Gaussian distribution. This is substantially different from our problem, where the
null is assumed Gaussian with unknown parameters. Next, Pollard and van der Laan (2004)
also discuss the choice of a null distribution, but the aim is to build a null that ensures a valid
FWER-type error rate control, which is a goal markedly different from the one considered in
this paper.

Besides, maybe on a more conceptual side, our work can be seen as a frequentist minimax
robust analysis of empirical null distributions: first, we do assume that there exists a true null
distribution and we utilize the estimated null parameters in subsequent inferences. Second,
we let the alternative be arbitrary, which entails that the AMO properties should hold for any
alternative and means that we consider worst-case type I/II error rates. For FDR control, this
is classically referred to as a strong FDR control; see, for example, Dickhaus (2014). As for
the notion of power, our analysis is formulated in terms of mimicking the power of the oracle
in the worst case, which is new to our knowledge; see also Remark 2.3 below. Finally, the
proofs of our impossibility results borrow some ideas from the literature on robust estimation
and classical Huber contamination model (Huber (1964, 2011)).

1.5. Notation and organization of the paper.

Notation. For two sequences u, and v,, u, > v, means v, = o(u,). Given a real number
x, |x] and [x7, respectively, denote the lower and upper integer parts of x. Given a finite set
A, its cardinality is denoted by |A|. Given x, y, x A y (resp., x V y) stands for the minimum
(resp., maximum) of x and y. For Y ~ P, the corresponding probability is denoted Py~ p
or simply P when there is no confusion. The density of the standard normal distribution is
denoted ¢ whereas @ stands for its right tail distribution, that is, ®(z) =P(Z > z), z € R,
Z ~ N (0, 1). Finally, given a vector v € R", we denote by v(;) the ith order statistic of v, that
is, the ith smallest entry of v.

Organization of the paper. The setting and the main results are described in Sec-
tion 2. While they are formulated in an asymptotical manner for simplicity, more accurate
nonasymptotical counterparts are provided in Section 3: an impossibility result is given in
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Section 3.1 (with a corollary given in Section 3.3) and a matching upper bound is provided
in Section 3.2. Section 4 is devoted to the situation where the variance of the null is known,
while Section 5 provides extensions to a general location model. The null confidence region
as well the diagnostic graphs are presented in Section 6 together with some illustrations on
synthetic and real data sets. Discussions are postponed to Section 7. Numerical experiments,
proofs, lemmas and auxiliary results are deferred to the Supplementary Material (Roquain
and Verzelen (2022)). An application of our approach on real data sets is developed carefully
in a dedicated vignette (Roquain and Verzelen (2021)).

2. Setting and presentation of the main results.

2.1. Framework for testing with an unknown null distribution. To formalize our setting,
we resort to a variation of Huber’s model (Huber (1964)). We observe independent real
random variables Y;, 1 <i < n. The distribution of the vector Y = (¥;)1<i<, in R" is de-
noted by P = ®?_, P;. We assume that most of the P;’s follow the same (null) distribution
while the others are “contaminated” and can be arbitrary. Also, following the setting intro-
duced in Efron (2004), we shall assume in this manuscript that this null distribution is of the
form N (6, 02) for some unknown scaling (8, 0) € R x (0, 0o) (except in Sections 5 and 6
where different or more general nulls are considered). Formally, this leads us to assuming
that P = @7_, P; belongs to the collection P of all distributions satisfying

(1) there exists (6, 0) € R x (0, o0) such that |{i € {I,...,n}: P, =N (0,02)}| > n/2.

In other words, (1) ensures that there exists a scaling (6, o) such that more than half of the
P;’s are N'(0, 02). Condition (1) makes the problem identifiable with respect to the unknown
null distribution: if P is any distribution which satisfies the condition in (1) with two pa-
rameters (0,0) and (6’,0’), then we necessarily have |{i € {1,...,n}: P; = N@, 0% =
N@®', ("))} >0and § =6', 0 =0o’. For P € P, we denote by (6(P), o (P)) the unique
couple satisfying (1). This allows us to formulate the multiple testing problem:

Ho;:“P;=N(0(P),0%(P))” against Hj;:“P; #N(0(P),o%(P))”,

for all 1 <i <n. We underline that Hyp; is not a point mass null hypotheses, that is, “P; =
P, for some known distribution P°, nor a composite null of the type “P; is a Gaussian
distribution,” but a point mass null hypothesis with value depending on all the marginals
(Pj,1<j=n).

Let us introduce some notation. We denote by Ho(P) = {1 <i <n: Hy; is true for P}
the set of true null hypotheses, by no(P) = |Ho(P)] its cardinality and by H(P) its comple-
ment in {1,...,n}. We also let n{(P) = |H1(P)| =n — no(P), so that n1(P) < n/2 by (1).
As an illustration, if P = ®?_, P; is given by

(Pi,1<i<n)= (P, P, N(1,4),N(1,4), Ps, N(1,4),N(1,4))

for n = 7 and some distributions P;, P>, P5 on R that are all different from A(1, 4), we have
O0(P)=1,0%(P)=4, Ho(P)=1{3,4,6,7} and n|(P) = 3.

We will sometimes consider an asymptotic situation where n tends to infinity. In that case,
the quantities P, P, Y (and those related) are all depending on n, but we remove such depen-
dencies in the notation for the sake of brevity.

Our model assumptions are related to the classical Huber contamination models in robust
statistics and to the two-group model in multiple testing theory. We postpone the correspond-
ing discussion to Sections 7.2 and 7.3.
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2.2. Criteria. A multiple testing procedure is defined as a measurable function R taking
as input the data Y and returning a subset R(Y) C {1, ..., n} corresponding to the set of
rejected null hypotheses among (Hyp ;, 1 <i <n). The amount of false positives of R (type I
errors) is classically measured by the false discovery proportion of R:

R(Y)NHo(P
- FDP(P, R(r) = R N Ho(P)],
IR(Y)| Vv 1
see Benjamini and Hochberg (1995). The expectation FDR(P, R) = Ey~p[FDP(P, R(Y))]
is the false discovery rate of the procedure R. The amount of true positives of R is measured
by

) ToP(p, R(Y)) = RN P
ni(P)vl1

and corresponds to the proportion of (correctly) rejected nulls among the set of false null

hypotheses. It has been often used as a power metric for multiple testing procedures; see, for

example, Arias-Castro and Chen (2017), Benjamini and Hochberg (1995), Rabinovich et al.

(2020), Roquain and van de Wiel (2009).

2.3. Plug-in BH procedures. In our study, an important class of procedures are the BH
procedures with rescaled p-values, that we call the plug-in BH procedures. This corresponds
to first estimating the null distribution (6 (P), o (P)) and then plugging it into BH.

Since Benjamini—Hochberg (BH) procedure is defined through the p-value family, we first
define, for u € R and s > 0, the rescaled p-values

|Y; — ul

S

4) pi(u,s):25( ) uekR,s>0,1<i<n,

which corresponds to the situation where 6 (P), o (P) have been estimated by u, s, respec-
tively. By convention, the value s = +o0 is allowed here, which gives a rescaled p-value
always equal to 1. The oracle p-values are then given by

(5) pi=pi(0(P),0(P)), 1<i<n.

DEFINITION 2.1. Leta €(0,1),u € R, s > 0and P € P. The plug-in BH procedure of
level o with scaling u# and s is given by

(6) BHy(Y;u,s)={1<i<n:piu,s) <To(Y;u,s)}
(7 ={l<i<n:pi(u,s)<Tu(Y;u,s)V (a/n)};
(8) To(Yiu,s) =max{r€[0,11: Y 1{p;j(u,s) <t} >nt/at.

i=1

In particular, the oracle BH procedure (of level «) is defined as the plug-in BH procedure (of
level o) with scaling 6(P) and o (P), that is, is defined by BH},(Y) = BH, (Y; 6(P), o (P)).

Note that the equivalence between (6) and (7) comes from the fact that if 7,,(Y; u, s) > 0,
then Ty (Y; u,s) > «/n and if Ty (Y; u, s) = 0 then all p-values are larger than «/n and the
sets in (6) and (7) are both empty.

When not ambiguous, we will sometimes drop Y in the notation BH, (Y; u, s), T, (Y; u, s),
and BH}, (Y) for short. The oracle procedure BH}, corresponds to the situation where the true
scaling (6(P), o (P)) is directly plugged into the BH procedure. It is the oracle procedure
in our study. In our framework, the p-values p} are all independent, with the property p; ~
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U(0,1) whenever i € Ho(P). Hence, it is well known (Benjamini and Hochberg (1995),
Benjamini and Yekutieli (2001)) that its FDR satisfies the following:
©) VP P, FDR(P,BH})=ano(P)/n.

To mimic BH}, “natural candidates are the plug-in BH procedures BH, (0, ), for some suit-
able estlmators 0,5 of 6(P), o (P) (by convention, the value ¢ = oo is allowed here). In the
sequel, (9, o) is called a rescaling.

2.4. AMO procedures. To evaluate how a procedure is mimicking BH}, on some sparsity

range, let us define the following notation: for any procedure R(Y) C {1, ..., n}, any sparsity
parameter k € [1, n/2] and any level a € (0, 1), we let
10) I(R, k)= sup {FDR(P,R)};
PeP
ni(P)<k
1) II(R,k,) = sup {Py~p(TDP(P,R) <TDP(P,BH}))}.
nll(Jlg)Psk

The latter can be seen as maximum type I/II risks, with a supremum taken on distributions
P eP with ny =n1(P) <k, 6 =0(P) and 0 = o (P) varying accordingly. In particular,
I(R, k) < a corresponds to a strong FDR control on the range of distributions with at most
k false nulls, and we have I(BH},, k) = « for any k when using the particular oracle BH
procedure; see (9). The criterion II(R, k, ) is a (maximum) type II risk defined relatively
to BH;;: it is small when the TDP of R is at least as large as the one of BH(’;, with a large
probability. In particular, the map « — II(R, k, «) is nondecreasing. Then a procedure is said
to mimic the oracle if it maintains the strong FDR control while having a small (maximum)
relative type II risk.

DEFINITION 2.2. Let R = (Ry)ac(0,1) be a sequence of multiple testing procedures,
both depending on the nominal level o and of the number n of tests. For a given sparsity
sequence k, € [1,n/2), the procedure sequence R is asymptotically mimicking the oracle
BH procedure, AMO in short, whenever the two following properties hold: there exists a
positive sequence 71, — 0 such that

(12) limsup sup {I(Ry, kn) —a} <0;
noae(l/n,1/2)
(13) lim  sup {I(Rgy, kn, (1 —1,))} =

" we(l/n,1/2)

Furthermore, if 6 anc/l\ o are two (sequences of) estimators of 6(P) and o(P), respec-
tively, the rescaling (6,0) is said to be AMO if the sequence of plug-in BH procedures
(BHy (0, 0))ac(,1) is AMO.

In this definition, the performances of the oracle BH procedure are mimicked both in
terms of FDR and TDP. Note that the power statement is made slightly weaker than one
could expect at first sight, with a slight decrease of the level in BHa A=) Since n, con-
verges to 0, this modification is very light. However, taking 7, = 0 would certainly be too
demanding for a plug-in procedure BH, (6,) as its TDP could fluctuate on both sides of
TDP(P,BH}). Alternatively, if one wants a comparison with the oracle procedure BH},
(without modification of the level), the convergence (13) can be equivalently replaced by
lim,, SUPye(1/n,1/2) {IL(Ry(14n,)» kn, @)} = 0. This would not change our results. Also, we
underline that, while the statements (12) and (13) are formulated in an asymptotic manner for
compactness, all our results can be formulated nonasymptotically.
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REMARK 2.3. Instead of stochastically comparing the true discovery proportions in (11),
an alternative could have been to compare their expectations. The expectation of the TDP,
called the true discovery rate (TDR), is the standard notion of power in the literature (see, for
instance, Arias-Castro and Chen (2017), Rabinovich et al. (2020), Roquain and van de Wiel
(2009)) where specific classes of alternative distributions are considered. Here, the TDR is
not a suitable measure of power, because the alternative distribution is let completely free in
(11). As a result, in some cases, the TDR is maximized by trivial procedures that typically
reject no null hypothesis with probability 1 — o and reject all null hypotheses with probabil-
ity . As such procedures are obviously undesirable, we focus on the stronger TDP stochastic
domination property required in (13).

2.5. Robust estimation of (60(P),o (P)). Since our framework allows arbitrary alterna-
tive distributions, we consider simple robust estimators of (6(P), o (P)) defined by

~ ~ ——1
(14) 0 =Y(n/21) o =Uqnon/® (1/4),

where U; = |Y; — Y(u/21)|, 1 <i <n, and 5_1(1/4) ~ (0.674. While @ is the sample median,
o corresponds to a suitable rescaling of U, /27), the median absolute deviation (MAD) of the
sample. Under the null, the variables |Y; — 6|/o are i.i.d. and distributed as the absolute value
of a standard Gaussian variable. Hence, taking the median of the |Y; — 6| should be a robust
estimator of o times the median of the absolute value of a standard Gaussian variable, that is,
of 6@ ! (1/4). Rescaling suitably this quantity and replacing 6 by 6 leads to the definition
of &. The two estimators defined by (14) are minimax optimal; see, for example, Chen, Gao
and Ren (2018) for a result in a slightly different mixture model. We will use here specific
properties of these estimators to be found in Section S-6.1.

2.6. Presentation of the results.
2.6.1. Main result. 'We now state the main result of the paper.

THEOREM 2.4. In the setting of Section 2 and according to Definition 2.2, the following
hold:

(i) for a sparsity parameter k, > n/log(n), there exists no sequence of procedures that
is AMO;

(i) for a sparsity parameter k, < n/log(n), the sequence of plug-in BH procedures
(BH,, (5 ,0))ac(0,1) is AMO, for the scaling (67 ,0) given by standard robust estimators (14).

This result delineates a phase transition for the problem of multiple testing with an un-
known Gaussian null distribution. The transition is expressed in function of the sparsity pa-
rameter k (see Figure 2 for a graphical illustration).

In more detail, part (i) of Theorem 2.4 (lower bound) means that when the proportion
of true alternative hypotheses is much larger than 1/log(n), it is not possible to perform as
well as an oracle that knows the null distribution in advance. Obtaining impossibility results
on FDR control has recently received some attention in multiple testing literature (Arias-
Castro and Chen (2017), Castillo and Roquain (2020), Rabinovich et al. (2020)), but those
are restricted to the class of thresholding-based procedures. Here, our impossibility holds for
any multiple testing procedure. The proof of our lower bound relies on a Le Cam’s two-point
reduction scheme. Namely, it is derived by identifying two mixture distributions on R that
are indistinguishable while corresponding to distant null distributions (see Figure 4) and by
studying the impact of such a fuzzy configuration on the FDR and TDP metrics. While this
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FIG. 4. Left: the density h given by (17) (black), interpreted as a mixture between the null N'(0, 1) ((1 — )¢ in
blue) and the alternative f| (fi in red). Right: the same h interpreted as a mixture between the null N (0, 022)

((1 = )¢, in blue) and the alternative fp (nfp inred). m =1/5, 022 ~ 2.88.

argument is classical in the estimation or (single) testing literature (see, e.g., Tsybakov (2009)
and Donoho and Jin (2006)), it is to our knowledge new in the multiple testing context.

Part (ii) of Theorem 2.4 (upper bound) is proved in Section 3.2. For this, we extend the
ideas used in Carpentier et al. (2021) to accommodate the new two-sided geometry of the
test statistics. In particular, correcting the Y;’s by o changes the order of the p-values, which
was not the case in the one-sided situation. Our proof relies on the symmetry of the Gaussian
distribution and on special properties of the BH procedure rejection set when removing one
element of the p-value family; see, for example, Ferreira and Zwinderman (2006). Also note
that the estimators (9, &) do not use the knowledge of k,, which implies that the procedure
is adaptive with respect to the sparsity k, on the range k, < n/log(n).

2.6.2. Extending the scope of the main result. We provide three complementary results.
First, in the testing literature, controlling the inflation of type I error rates is generally con-
sidered as more crucial than enhancing the power. In our framework, we can always design a
plug-in BH procedure that controls the FDR by simply setting & = oo, which is equivalent to
taking R(Y) = & (no rejection). In view of this remark, the impossibility result above shows
that mimicking the power of the oracle is impossible above the boundary. Hence, we can
reinterpret the statement of Theorem 2.4 as follows:

(i) in the dense regime (k;, >> n/log(n)), it is possible to achieve (12) but not with (13);
(ii) in the sparse regime (k;, < n/log(n)), it is possible to achieve both (12) and (13).

A natural question is then: can we achieve the best of the two worlds? Is it possible to find
a rescaling satisfying (12) in the dense regime and both (12) and (13) in the sparse regime?
We establish in Section 3.3 that such a procedure does not exist; see Corollary 3.3. As a con-
sequence, any procedure controlling the FDR in the dense regime is not AMO in the sparse
regime. Conversely, any AMO procedure in the sparse regime is not able to control the FDR
in the dense regime. This is the case in particular for the plug-in procedure BH, (6, ) consid-
ered in Theorem 2.4(ii). More formally, combining Corollary 3.3 (o« = ¢3/2) and Theorem 3.2
below leads the following result.

COROLLARY 2.5. There exist numerical constants ag € (0, 1/2) and ¢ > 0 such that for
any sequence u, — 00,

lim inf{1(BHo, (0, 3), unn/log(n)) — e} > c.
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Second, in Section 4, we show an analogue of Theorem 2.4 when o = o (P) is known.
Hence, the only unknown null parameter is 6 and the class of rescaling is restricted to those
of the form (5, o), where 0 is an estimator of 6. We establish that the sparsity boundary
is slightly modified in this case: impossibility is shown for k, > n/log'/?(n), while (8, o)
is AMO for k, < n/log'/?(n) (Theorem 4.1). While the upper-bound part is similar to the
upper-bound part of Theorem 2.4 above, the lower bound arguments have to be adapted to the
case where only the location parameter is unknown. More precisely, we establish two types of
lower bounds. We first develop a lower bound valid for any multiple testing procedure (The-
orem 4.2), which follows the same philosophy as the lower bound developed in Theorem 2.4
(via Theorem 3.1). Next, we provide a refined lower bound specifically tailored to plug-in
BH type procedures. Contrary to the previous lower bounds, it does not state type I error/type
II error trade-offs but it establishes that uniform control of the FDR alone is already out of
reach. Namely, this result shows that, on the sparsity range k, > n/log!'/?(n), any plug-in
procedure exhibits a FDP close to 1/2 and makes around n>/* false discoveries, this on an
event of probability close to 1/2 (see Theorem 4.4). Intuitively, this comes from the fact that
0 = o is fixed to the true value, and thus cannot compensate the estimation error of 6, which
irremediably leads to many false discoveries in that regime.

Third, we extend our results to the case where the null distribution has a known symmet-
ric density g with an unknown location parameter; see Section 5. Therein, we derive lower
bounds in two different regimes, when k,/n tends to zero (Theorem 5.1) and when &, /n is
of order constant (Theorem 5.2). Also, we provide a general upper bound matching the lower
bounds under assumptions on g (Theorem 5.3). As expected, the sparsity boundary depends

on g. For instance, for ¢-Subbotin null g(x) = Lgle_“ I/ ¢, ¢ > 1, the boundary is proved

to be k, <xn/ (log(n))l_l/ ¢ (Corollary 5.4), which recovers the Gaussian case for ¢ = 2.
For the Laplace distribution g(x) = e~*/2, AMO scaling is possible as long as k, < n
(Corollary 5.5). Finally, we further explore the behavior of any procedure for the Laplace
distribution on the boundary when k;, is of the same order as n (Proposition 5.6).

2.6.3. Confidence region for the null and applications. Our previous analysis shows that,
when the sparsity is not strong enough, we cannot hope to build a procedure that mimics the
properties of the oracle BH procedure. This holds in the minimax sense, that is, this im-
possibility is shown to be met under a least favorable configuration (see Figure 4 below).
However, if the underlying distribution P is reasonably far from these worst-case configura-
tions, it is not necessarily impossible to perform as best as the oracle BH procedure under the
distribution P. Hence, for some specific data sets that are not sparse, one can possibly reli-
ably estimate the null distribution and plug a BH procedure. This raises the issue of deriving
data-driven and distribution-dependent measures of the reliability of plug-in null estimation
methods. This is the topic of Section 6. In that section, we state a general, nonasymptotic,
confidence region for the null distribution (Theorem 6.1). The latter holds without any as-
sumption on the sparsity and on the null distribution. It only requires an upper-bound k on
the number of false nulls.

We then derive from this result several corollaries. First, this rejection set also induces a
goodness-of-fit test for any given null distribution (Corollary 6.2) or for any family of null
distributions (Corollary 6.3). As shown in the companion vignette (Roquain and Verzelen
(2021)) for several data sets, the theoretical null (0, 1) is rejected while the family of Gaus-
sian null is accepted. Again, this reinforces the interest in using Gaussian empirical nulls, as
Efron suggested in the first place.

Then, plugging this confidence region into a Benjamini-Hochberg procedure, we obtain
a confidence region for the rejection set—or the size of the rejection set—of the oracle BH
procedure; see Corollary 6.4. This complements our theoretical results as this provides a
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purely data-driven diagnostic for assessing the possible validity of a plug-in procedure: if
the rejection set (or number) is fairly stable over the confidence region, then the statistician
can confidently use the plug-in approach. By contrast, if the rejection set varies a lot in the
confidence region and, in particular, if the empty set belongs to the confidence region of
rejection sets, then the user cannot confidently reject hypotheses and should certainly make
no rejection. To ease the interpretation, we introduce a visualization method in that section
via “diagnostic graphs”; see Figure 5. Finally, we underline that this approach of building
a confidence region for the rejection set can be applied to any type of null distribution, not
necessarily Gaussian.

Lower bound Gaussian alternative
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FIG. 5. Plot of the confidence region S o (40) for a« =0.1, k/n = 0.1, in the Gaussian Huber model (X -axis:
0. Y-axis: o). Top: two simulated data sets with n = 10,000. Bottom: the two real data sets Golub et al. (1999)
(bottom left) and van’t Wout et al. (2003) (bottom right) for which n = 3051 and n = 7680, respectively. In each
pixel (8, o) of the region, the depicted number is the rejection number of the plug-in BH procedure at level @ = 0.1
using the corresponding scaling. More details are given in the text. The bottom panels are reproducible from the
vignette (Roquain and Verzelen (2021)).
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3. Nonasymptotical bounds.

3.1. Lower bound. To prove part (i) of Theorem 2.4, we establish a more general,
nonasymptotic, impossibility result.

THEOREM 3.1. There exist numerical positive constants c1—cs such that the following
holds for all n > c1 and any o € (0, 1). Consider any two positive numbers k1 < ko satisfying

log(2 k
(15) czw[l—klog(—z)} <ky <n)2.
log(n) k1
Then, for any multiple testing procedure R such that
FDR(P,R) <c3, forany Pe P withni(P) <k,
there exists some P € P with n1(P) < ky such that we have
Py~p(|R(Y) NH1(P)| = 0) = 2/5;
(16)

1/2 _
]P)Y~P|:|BHZ/2 NH(P)| > C4Ot_1{ } } > 1 — s n/log(m)!/? 5 4/5.

logn
In particular, we have that I(R, ky) < c3 implies II(R, k1,2 /2) > 1/5.

Theorem 3.1 states that, for any procedure R, either the FDR is not controlled at the nom-
inal level o < ¢3 for all P with n1(P) <k, or there exists a distribution P with n;(P) <k
such that R does not make any correct rejection with positive probability while the oracle pro-
cedure BH}, P make at least (of the order of) {n/ log(n)}l/ 2 correct rejections with probability
close to one.

Now, let us show that Theorem 3.1 implies part (i) of Theorem 2.4. Consider any sequence
k, with n/2 > k, > n/(logn), any sequence 71, — 0, an arbitrary sequence of procedures
(Ra)ae(,1), and choose o = (c3 A 1)/2. Clearly, for n large enough, the sparsity param-
eters k1 = ky = k; satisfy the requirements of Theorem 3.1, and thus, for n large, either
I(Ry, ky) —a > (c3 A 1)/2 or II(Ry, ky,, «/2) > 1/5. This entails that (12) and (13) cannot
hold simultaneously.

Let us provide some high-level ideas of the proof of Theorem 3.1; we refer to Section S-2
for the details. As explained later in Section 7, two-group models can be viewed as random
instances of our setting and it suffices to prove that no AMO procedure exists in this setting.
Let us assume that ¥;, 1 <i <n, are i.i.d. and have a common distribution given by the
mixture density

17) h=(0-m)¢+nfr,

where ¢ is the density of the standard Gaussian distribution, f is the density of the alternative
and € (0, 1) is a prescribed proportion of signal. This density is depicted in the left panel of
Figure 4, for some specific choice of 7 and f]. Here, the alternative density looks nicely sep-
arated from the null ¢, which indicates that the oracle procedure should typically make some
rejections. By contrast, consider the situation depicted in the right panel of Figure 4, where
the null density is given by ¢, (-) =0, lqb (-/o02) and the alternative is given by a density f>,
concentrated near 0. In that situation, the alternative density is not well distinguishable from
the null so that the oracle procedure, which “knows” what is the null distribution, makes no
rejection with high probability to ensure a correct FDR control.

The point is that f; and f> are chosen so that the two mixture densities in the left and
right panel coincide. Hence, when the data are generated by this mixture, any data-driven
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procedure cannot decipher whether the data arise from (¢, f1) or (¢q,, f2). As aresult, a data-
driven procedure is not able to mimic the behavior of the oracle as soon as the distribution of
the rejection number of the oracle highly differs in the two situations. Quantifying precisely
the latter provides a condition on the sparsity parameter 7 = m,, namely m, > 1/log(n),
under which no AMO procedure exists.

3.2. Upper bound. In this section, we prove Part (ii) of Theorem 2.4. The following
result states FDR and power oracle inequalities.

THEOREM 3.2. [In the setting of Section 2, there exist universal constants cy, ca > 0 such
that the following holds for all n > c1 and a € (0, 0.5). Consider any number k < 0.1n such
that n = cp log(n/a)((k/n) v n~16)y <0.05. Then we have

(18) 1(BHo(3,5).k) <a(1+ ) + e

(19) (BH,(7.3), k,a(1—p)) <e”

Let us check that Theorem 3.2 implies (ii) of Theorem 2.4. If log(n)k, /n tends to zero and
a € (1/n,1/2), we have n < 2c2log(n) (%2 v n=1/%), which is smaller than 0.05 for n large
enough, and by (18) above and (9),

sup {I(BHa(g, G),k)—a}<n+ e_"l/z,
ae(1/n,1/2)

which converges to 0 as n grows to infinity. This gives (12) for 0,6)=,5). Similarly,

sup  {I(BH,(@,5).k,a(1—m)} <e™” >0,
ae(1/n,1/2)

which gives (13) for (§, o) = (5, o)and n, =1n.

The proof of Theorem 3.2 is given in Section S-3. The general argument can be summa-
rized as follows. Observing that the estimators 6,5 converge at the rate n1(P)/n +n~1/2
(Lemma S-6.1), we mainly have to quantify the impact of these errors on the FDR/TDP met-
rics. To show (18), we establish that the FDR metric is at worst perturbed by the estimation
rate multiplied by log(n/«). Here, a/n corresponds to the smallest p-value threshold of the
BH procedure. This can be shown by studying how the p-value process is affected by mis-
specifying the scaling parameters (Lemma S-3.2). A difficulty stems from the fact that the
FDR metric is not monotonic in the rejection set, so that specific properties of BH procedure
and of the estimators 6, & are required (Lemmas S-3.1 and S-3.3). The second result (19)
is proved similarly, the main difference being that we need a slight decrease in the level «
(Lemma S-3.2) of the oracle procedure BH, to compare the BH thresholds 7, (6 (P), o (P))
and T, (§, 7). This results in a level (1 — n) instead of « in (19).

3.3. Relation between FDR and power across the boundary. Theorem 2.4 establishes
that it is impossible to perform as well as the oracle BH procedure when k, > n/log(n).
As simultaneously controlling the FDR and power mimicking is out of reach, one may re-
quire that, at least, the FDR is controlled. Theorem 3.1, applied with k; < k>, shows that
controlling the FDR in the dense case has consequences on the relative type Il risk in the
sparse case. More precisely, for some € > 0, Condition (15) and k; < k; is satisfied for
kr = log(1/€)n/log(n) and k; = e(c2log2/a)! log(l/e)elo’;n (for € in a specific range),
which entails the following result.
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COROLLARY 3.3. Consider the same numerical constants ci—c3 as in Theorem 3.1
above. Take any o € (0, c3), any n > c1 and fix any € € (n~'/2; («/2)2). Then for any pro-
cedure R with I(R, k2) < c3 for a sparsity ky =log(1/e)n/log(n), we have II(R, k1, o /2) >
1/5 for a sparsity ky = €' log(2/e)) ™! log(1/€)en/logn. In particular, if n=V/* < (a/2)2, we
have for any procedure R:

e ifI(R,n/4) <a, then II(R,n'"%e/4,0/2) > 1/5;
o ifII(R,n'%¢/4,a/2) <1/5, then I(R,n/4) > c3,

where we let 6 = 1/(4crlog(2/a)) > 0.

In plain words, the above corollary entails that a procedure R controlling the FDR up
to a sparsity 10g(1/e)10’é — (that is of order larger than or equal to the boundary n/log(n)
of Theorem 2.4), suffers from a power loss in a sparse setting where n1(P) is of order

e(e2log(2/e)™! log(1 /e)@, for which AMO is theoretically possible (as stated in Theo-

rem 3.2). As € decreases, R is assumed to control the FDR in denser settings and becomes
overconservative in sparser settings. The case € = n~!/4, requiring that the FDR is controlled
at the nominal level up to a sparsity n/4 enforces a power loss in some “easy” settings
where n1(P)/n is polynomially small. In other words, if we require FDR control in the dense
regime, we will pay a high power price in the “easy” regime where AMO is achievable. Con-
versely, any AMO procedure in sparse regime violates the FDR control in the dense regime.
Corollary 2.5 formalizes this fact with the plug-in BH procedure of Theorem 3.2.

4. Known variance. This section is dedicated to the simpler case where o (P) is known
to the statistician, so that only the mean 6 (P) has to be estimated. In this setting, it turns out
that the boundary for AMO is n/log!/?(n) instead of n/log(n).

THEOREM 4.1. In the setting of Section 2 and according to Definition 2.2, the following
hold:

() for a sparsity parameter k, >> n/log'/?>(n), there exists no (sequence of) procedure
that is AMO:; N

(i) for a sparsity parameter k, < n/ 10g1/2(n), the scaling (8,0 (P)) given by (14) is
AMO.

The upper bound (ii) is proved similar to the upper bound of Theorem 2.4, but with the
weaker condition kj, logl/ 2 (n)/n = o(1). For this, one readily checks that Theorem 3.2 ex-
tends to the case where ¢ = o (P) up to replacing n by n =3 logl/z(n/of)(”1(1:[¢ +n71/6)
(and possibly modifying the constants c¢; and c;). The proofs are exactly the same, except
that Lemma S-3.2 has to be replaced by Lemma S-4.3. See Section S-4.3 for details. Let us
additionally provide a heuristic explanation of this boundary. Roughly, the oracle BH proce-
dure is equivalent to the plug-in BH procedure if the corrected observations Y; — 6 can be

compared to the Gaussian quantiles 5_1 (x€/(2n)) in the same way as the variables ¥; — 6
do. Hence, the plug-in operation will mimic the oracle if

a/n

(@ ' (@/n)
which leads to the condition k/n < 1/log!/? n, by using the standard properties on the Gaus-
sian tail distribution (Section S-7) and the estimation rate of ] (Section S-6.1).

In the remainder of this section, we focus on the impossibility results. We first establish in
Theorem 4.2 the counterpart of Theorem 3.1, which will also prove Part (i) of Theorem 4.1.
This lower bound is valid nonasymptotically and for arbitrary testing procedures. Next, we
provide a sharper lower bound for plug-in procedures.

16— 0] < m}n{a_l(aﬁ/(Zn)) — (ot — 1)/2n))} =



FDR CONTROL WITH UNKNOWN NULL DISTRIBUTION 1111

4.1. Lower bound for a general procedure.

THEOREM 4.2. There exist numerical positive constants c1—cs such that the following
holds for all n > ¢y and any « € (0, 1). Consider two positive numbers ki < ko satisfying

(20) cz%{l —i—log(i—?)}l/2 <ky <n/2.
Then for any multiple testing procedure R satisfying
FDR(P,R) <c3, forany P e P withni(P)<ky,
there exists some P € P with n1(P) < ki such that we have
Py~p(|R(Y) NH1(P)|=0) > 2/5;
2D

12 B
Py~p [}BH;;/Z NH(P)| > C404—1{ } ] > 1 — ¢mese {n/log(m)!/? 5 4/5.

logn
In particular, we have that I(R, ky) < c3 implies II(R, k1, a/2) > 1/5.

This result is qualitatively similar to Theorem 3.1, up to the change the boundary condition
(15) into (20). Taking k1 = kp =k, > n/logl/z(n), we deduce part (i) of Theorem 4.1.

As in Section 3.3, we also deduce from Theorem 4.2 that no procedure R can simultane-
ously control the FDR at the nominal level up to some k, > n/log!/?(n) while being also
AMO for all sequences k, < n/log'/?(n).

COROLLARY 4.3. Consider the same numerical constants c1—cs as in Theorem 4.2
above. Take any a € (0, c3), any n > c¢| and fix any € € (n—V4, (05/2)526_(62 lOg(z/“’))z). Then
for any procedure R with I(R, k2) < c3 for a sparsity ky = 10g1/2(1/e)10g+2n, we have
II(R, k1, /2) > 1/5 for a sparsity ki = (©21082/a)?1gg1/2(] /e)elog+2n. In particular, if
n=116 < (o/2)2¢~(2 1°g(2/"‘))2, we have for any procedure R:

o ifI(R,n/4) <a, then I(R,n'%e/4,0/2) > 1/5;
o ifII(R,n'%¢/4,a/2) <1/5, then I(R,n/4) > c3,
where we let § = 1/(16¢3 log?(2/a)) > 0.

4.2. Lower bound for plug-in procedures. In the previous section, we established an im-
possibility result for all multiple testing procedures R. In this section, we turn our attention
to the special case of plug-in procedures BH, (6, o (P)) where 6 is any estimator of 6(P).

THEOREM 4.4.  There exist positive numerical constants c¢i—c3 such that the following
holds for all @ € (0, 1), all n > N(«), any estimator 0, and all k satisfying
nlog(2/a) n
C1 1/—2 < —.
log'/<(n) 2
There exists P € P with n1(P) < k and an event Q of probability higher than 1/2 — c2/n
such that, on 2, the plug-in procedure BH, (Y ; 0, o (P)) satisfies both

|BHy (Y 0,0 (P)) N Ho(P)| = 0.5n%/4;

(22)

(23)

FDP(P,BHy(Y;0,0(P))) > e 15
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This theorem enforces that no plug-in procedure BH, (Y; 9, o (P)) is able to control the
FDR at the nominal level in dense settings (k, > n/log!/?(n)). In fact, the FDP of plug-in
procedure BH, (Y; 5, o (P)) is even shown to be at least of the order of 1/2 with probability
close to 1/2. On the same event, the plug-in procedure BH, (Y; @, o (P)) makes many false
rejections. This statement is much stronger than the one of Theorem 4.2 (in the case k; = k»).

In contrast to the previous lower bounds, the proof of Theorem 4.4 relies on a tighter
control of the shifted p-value process and quantifies its impact on the BH threshold.

5. Extension to general location models. In this section, we generalize our approach
to the case where the null distribution is not necessarily Gaussian. For simplicity, we focus
here on the location model. Let G denote the collection of densities on R that are symmetric,
continuous and nonincreasing on R. Given any g € G, we extend the setting of Section 2,
by now assuming that P = ®;_, P; belongs to the collection P, of all distributions on R”"
satisfying

(24) there exists 6 € R such that |{i € {1, ..., n}: P; has density g(- —0)}| > n/2.

In other words, we assume that there exists 6 such that at least half of the P;’s have for density
g(- —0). Such 6 is therefore uniquely defined from P, and we denote it again by 6 (P). The
testing problem becomes

Ho;:“Pi~g(-—6(P))” against Hj;:“P;=g(-—0(P))”, foralll<i<n.
The rescaled p-values are now defined by
(25) pi(w)=2G(|Y;i —ul), ueR,1<i<n,

where G(y) = fy+°° g(x)dx, y € R. The oracle p-values are given by p; =2G(|Y; —6(P))),
1 <i < n. The BH procedure at level « using p-values p;(u), 1 <i < m, is denoted by
BH, (1), whereas the oracle version is still denoted by BH},.

For a given sparsity sequence k, € [1,n/2), the sequence of procedures R = (Ry)ae(0,1)
is said to be AMO if there exists a positive sequence 7,, — 0 such that

(26) limsup sup {I;(Ry, kn) —a} <0;
nae(l/n,1/2)
(27) lim  sup {Hg(Ry, kn, (1 —1n,))} =
" ae(1/n,1/2)

where I, (-) and I, () are respectively defined as (10) and (11), except that P is replaced by
P, therein. Similarly, for any sequence of estimators 6 of 6(P), the rescaling @ is said to be
AMO if (Ra)ae(0.1) = (BHy (9))ae(0,1) is AMO.

5.1. Lower bounds. We first state two conditions under which (26) and (27) cannot hold
together.

THEOREM 5.1. Consider any g € G. There exist numerical positive constants c1 and ¢
and a constant cg (only depending on g) such that the following holds for all n > 2k > c;

and any o € (0, 1/2). Assume that
)
a ’

k . —1 /(1 —
(28) — > min [G (—) -G
ompe[ g ] ()5 () <
= max s.t. - - —— — .
0 2n’ 12 2 a ) ncg

o . o
neg — re[£; 4] 2

and consider
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Then for any multiple testing procedure R satisfying
1
FDR(P,R) < 5 forall P € Py withn (P) <k,

there exists some P € Py with ny(P) < k such that we have

Py~p(|R(Y) N H1(P)] = 0) = 2/5;
(29)

1 nty

2nt -
o
In particular, 1, (R, k) < 1/5 implies Iz (R, k,a/2) > 2/5 — e‘”"‘_l”to.

A consequence of Theorem 5.1 is that, for some sparsity sequence k,, satisfying n > 2k, >
c1 and (28) with e~ 2"0 < 1/5, it is not possible to achieve any AMO procedure in the sense

defined above. Interestingly, Condition (28) depends on the variations of 6_1 (t) for small
t > 0. Taking g = ¢ and t = 1/{nlog(n)}'/? and using the relations stated in Lemma S-7.2,
we recover Theorem 4.2 (case k; = kp) obtained in the Gaussian location model and the
corresponding sharp condition & > n/{log(n)}'/%.

While Theorem 5.1 goes beyond the Gaussian case, it does not cover all possible distribu-
tions G. Consider the Laplace function g(x) = el /2, so that 5_1 (t) =log(1/(2t)). Then
Condition (28) cannot be guaranteed even when k/n is of the order of a constant. More gen-
erally, Theorem 5.1 is silent for any g such that min,e[%;%][é_l(%) — 5_1(%’)] is of the
order of a constant.

The next result is dedicated to this case. Remember that, when k/n > 1/2, (P) is not
identifiable. We show that there exists a threshold 7, < 1/2, such that deriving a AMO scal-
ing is impossible when k/n belongs to the region (my, 1/2). Markedly, 7, does not depend
on g. For a € (0, 1), it is defined by

(30) S AC _a)a_(l —% < 0.1/2).

THEOREM 5.2. Consider any « € (0, 1) and m, given by (30). There exist a positive
constant ¢, (only depending on a) such that following holds for any @ € (7, 1/2),any g € G
and n larger than a constant depending on o and 7. For any multiple testing procedure R

satisfying
FDR(P,R) <1/4, forall P €Pgandn(P)<7n,
there exists P € Py with ni(P) < 7n such that we have

Py~p(|R(Y)|=0) > 1/3;

3D T .
Py~p[|BH:§; NHI(P)| = nﬂ > 1 — 10e™ @ T > 3/4,

In particular, I4(R,wn) < 1/4 implies I, (R, wn,a) > 1/12.

To illustrate the above result, take o € (0, 1/4] and 7 € (7y, 1/2). Applying the above
result for &’ < a with 7,/ < 7, we obtain that, for any procedure R with I, (R,n) <a, we
have II, (R, wn, ') > 1/12. In particular, this shows that there exists no AMO scaling in the
regime k,, = n7, for ¥ € (7,4, 1/2). In addition, this holds uniformly over all g in the class G.
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5.2. Upper bound. Since any g € G is symmetric and puts a mass around “0,” 6(P) also
corresponds to the median of the null distribution. We consider, again, 6 = Yf,/2) as the
estimator of 6(P) and plug it into BH to build BH,, (6). The following result holds.

THEOREM 5.3. Consider any g € G. There exist constants c1(g), c2(g) > 0 only depend-
ing on g such that the following holds for all n > c1(g) and a € (0, 0.5). Consider an integer
k <0.1n such that

——1
1 g(G (1)
——1 ——1 ——1
G (/2)-G ()gG (1/2)

62 n=a@(km v mx |

} <0.05.
t€[0.95a/n,a]

Then we have

(33) L, (BHo3), k) < (1 4 1) + e

1/2

(34) L, (BHy(0), k,a(l —n)) <e™"

If we consider any asymptotic setting where 1 in (32) converges to 0, then it follows from
the above theorem that 6 is a AMO scaling.

Comparing the lower bound condition (28) to the upper bound condition (32), we observe
that those are matching up to the term

max
t€[0.95a/n,a]

{@}
g(G ' (t/2)

Interestingly, the latter is of the order of a constant for the Subbotin—Laplace cases, which
provides new sparsity boundaries, as we present in the next section.

5.3. Application to Subbotin distributions. We now apply our general results to the class
of Subbotin distributions.

COROLLARY 5.4. Consider the location Subbotin null model for which g(x) =

Lzle_b";/{,for some fixed ¢ > 1 and the normalization constant L; = 2 (1/¢)c e,
Then:

() for a sparsity parameter k, > n/(log(n))'=V¢, there exists no sequence of proce-
dures that is AMO. _
(ii) for a sparsity parameter k;, < n/(log(n))l_l/f, the scaling 6 = Y[, 21 is AMO.

COROLLARY 5.5.  Let us consider the Laplace density g(x) = 0.5¢~ !, Then for a spar-
sity parameter k, <K n, the scaling 0 = Y, 21 is AMO.

5.4. An additional result for the Laplace location model. Our general theory implies that,
in the Laplace location model, an AMO scaling is possible when &, < n (Corollary 5.5) and
is impossible if liminfk, /n > m, (Theorem 5.2). However, it is silent when &, /n converges
to a small constant = € (0, 1). In this section, we investigate this constant proportion regime.
We establish that AMO scaling is impossible and that one needs to incur a small but yet
nonnegligible loss. Define, for any « € (0, 1),

(35) k= 1_ﬁe(na,1/2).

@ 2—Ja
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PROPOSITION 5.6 (Lower bound for the Laplace distribution). There exists a positive
and increasing function ¢ : (0, 1/2) — R with lim; ;3 { = +00 such that the following holds
for any a € (0, 1), any ™ < ) and for any n larger than a constant depending only on o
and 7. For any procedure R satisfying

FDR[P, R] <ano(P)/n, forall P € Py withn|(P) <7n,
there exists a distribution P € Py with ny(P) < 7n such that
Py~p[|BHS| > 0] — Py~p[|R(Y)| > 0] > g () — czn™ '3,

where cz only depends on 7.

Recall that, for any distribution P, the FDR of BH}, is equal to ano(P)/n; see (9).
Hence, the above proposition states that any procedure achieving the same FDR bound
as the oracle procedure is strictly more conservative than the oracle, in the sense that
Py~p[IBH}| > 0,|R(Y)| = 0] > a¢(7) + o(1) > 0. In addition, the amplitude of «¢ () is
increasing with 7, which is expected. Also, the assumption = < 7 is technical. In particular,
we can easily prove that, for larger 7, the result remains true by replacing ¢ () by ¢ (T A7})).

REMARK 5.7. On the feasibility side, we can show that in the regime where n1(P)/n
converges to a small constant, the plug-in BH procedure at level « is yet not AMO, but
is comparable to oracle BH procedures with modified nominal levels o’ # «. Recall that
pi(w) =2G(|Y; —ul) = e 1Yi=ul and pi= e Vi=0(P)l Aga consequence, given an estimator
6, the ratio Di (@)/p;k belongs to [e /=Pl (l0=0(P)I] ~ Assuming that ae!? 0P < 1, it
follows from the definition of BH,, () that

BH' 5, CBHu(6) CBH? 5,

As a consequence, as long as |§— 6(P)| <log(l/a), BHy (@) is sandwiched between two
oracle BH procedures with modified nominal levels. As an example, the median estimator
6= Y1 21 satisfies 16 —6| <cn (P)/n with high probability when n{(P)/n is small enough
(see the proof of Theorem 5.3). As a consequence, with high probability, we have

BH! _.. (7 CBHa(0) CBH ., (pn-

Conversely, Proposition 5.6 entails that no multiple testing procedure can be sandwiched by
oracle procedures with level «(1 — o(1)) and a(1 + o(1)).

6. Confidence region for the null and applications. In this section, we tackle the issue
of building a confidence superset on the possible null distributions for P. This has not been
considered yet in the literature to the best of our knowledge.

6.1. A confidence region for the null. We come back to the general Huber model de-
scribed in Section 2, although we do not assume that the null distribution is necessarily
Gaussian. That is, the observations Y;, 1 <i <n are only assumed to be independent. Their
respective c.d.f.’s are denoted by F;, 1 <i <n, and we let

(36) For(Py={Fycdf. :|{ie{l,...,n}: Fi=Fo}| >n—k}

the set of all possible null c.d.f.’s for P, for some prescribed, known, maximum amount of
contaminated marginals k € [0, n — 1]. As before, if k < n/2, we have n — k > n/2 and the
null distribution is an identifiable parameter of the model. Indeed, in that case, F can be
identified as the predominant element of the vector (F;)1<;<,. Equivalently, the set o i (P)
has cardinality at most 1. By contrast, if k > n/2, we have n — k < n/2 and several nulls
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may be possible for P, which entails that the null distribution is not necessary identifiable.
However, this is not an obstacle to building a confidence region of level (1 — «) for Fp; the
region simply needs to contain all possible nulls Fy of the set Fo i (P).

Our inference is based on the empirical c.d.f. F, of the sample Y: the idea is that for any
Fy € Fox(P), the function (ﬁn — (1 — k/n)Fy)/(k/n) should be close to be a c.d.f., which
induces some constraints. This idea bears similarities with the existing literature, in particular
with Genovese and Wasserman (2004), that derived confidence interval for the proportion of
signal when the true null is known and uniform.

For some « € (0, 1), let us denote

(37) Fio(Y)={Focdf. :¥je{0,....n},@(j; Fo) < bu(j; Fo)}:
oy, maxo<e<i{l/n— (1 —k/n)Fo(Yr))} — Cpo .
(38) an(j: Fo) =0V i ,
~ . _ minjf@fn{e/n —(1 _k/n)FO(Y(Z+1))}+Cn,a
(39) bu(j: Fo)=1A i ,

where ¢, = {—(1 — k/n)log(et/2)/(2m)}'/2, Fo(y™) = lim,_, - Fo(x) and Yj) < --- <
Y(») denote the order statistics (¥(g) = —00, Y(,+1) = +00) of the observed sample (¥;, 1 <
i <n). Note that all these quantities depend on k, but we have omitted it in the notation for
short. The following result holds.

THEOREM 6.1. For a given sparsity parameter k € [0, n — 1], the region Fi_4(Y) de-
fined by (37) is a (1 — o)-confidence superset of the set Fo x(P) (36) of possible nulls for P
with at most k contaminations, in the following sense:

Py~p(Fok(P) C Fi—a(¥)) =1 —a.

Compared to our previous findings, this result is less demanding on the sparsity parame-
ter: it only assumes n1(P) < k and not that n;(P)/n tends to zero at some rate. Also, it is
nonparametric, and usable in combination with any possible modeling for the null.

6.2. Application 1: A goodness-of-fit test for a given null distribution. Considering any
known c.d.f. Fp, the confidence region derived in Theorem 6.1 provides a way to test the
null hypothesis Hé: “Fo € For(P),” thatis, “Fy is a possible null c.d.f. for P with at most k
contaminations.”

COROLLARY 6.2. Consider k € [0, n — 1] and the sets F1_o(Y) (37) and Fo (P) (36).
Consider any c.d.f. Fy. Then the test rejecting the null hypothesis Hy: “Fy € Fo i ((P)” when-
ever Fo & Fi_q(Y), that is, if there exists j € {0, ..., n}, such that a,(j; Fo) > b,(j; Fp), is
of level a.

Since for any Fy € Fo x(P), we have P(Fp ¢ F1—o(Y)) <1 = P(Fox(P) C Fi—a(Y)),
the proof is straightforward from Theorem 6.1. In particular, this result can be used to test
whether the theoretical null distribution A (0, 1) is suitable for some data set, given some
maximum proportion of contaminations, say k/n = 10%. As shown in the vignette (Roquain
and Verzelen (2021)), this test rejects Hj; for many data sets.

Next, we can also build a goodness-of-fit test of level o for a family (Fp »)seco of null
c.d.f’s. This corresponds to consider the null hypothesis Hj: “39 € © : Fyy € For(P)”,
that is, “in the family (Fp »)gce there is at least a possible null c.d.f. for P with at most k
contaminations.”
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COROLLARY 6.3. Consider k € [0, n — 1] and the sets F1_4(Y) (37) and Fo (P) (36).
Consider any family of c.df’s (Fo,9)sce. Then the test rejecting the null hypothesis Hy':
“DO € O : Fo,9 € Fox(P)” whenever Vi € O, Fy » ¢ F1—o(Y), that is, when the confidence
region does not contain any null distribution of the family, is of level «.

Since for any ¥y € © with Fy y, € For(P), we have P(V? € O, Foy ¢ Fi1—o(Y)) <
P(Fo,90 € F1—a(Y)) <1 —=P(Fox(P) C Fi1—«(Y)), the proof is straightforward from Theo-
rem 6.1. As a typical instance, this can be used to build a goodness-of-fit test for the family
of Gaussian null distribution with arbitrary scaling. Interestingly, this test never rejects this
null hypothesis for the classical data sets used in the vignette, which shows that considering
a Gaussian null with unknown scaling can be suitable for these data.

The two aforementioned tests provide a way to validate Efron’s paradigm who discarded
the theoretical null NV (0, 1), while still using empirical Gaussian nulls.

6.3. Application 2: A reliability indicator for empirical null procedures. For simplicity,
let us focus on the case of Gaussian null distributions as in the setting of Section 2, for which
k < n/2. The confidence region derived in Theorem 6.1 induces a confidence region for the
true scaling (6(P), o (P)) given by

Siw={(0.0)€R x (0, 00) :

(40) - _
Vi €{0,....n}an(j; (- —6)/0)) < bu(js D((- = 6)/0))}.
COROLLARY 6.4. Consider the setting of Section 2. Provided that n1(P) < k, the set
Sk.o is a (1 — a)-confidence region for the true scaling (6(P), o (P)). In particular, with
probability at least 1 — o, the oracle BH procedure is one of the procedures BHy(u,s),
(u, ) € Sk -

Corollary 6.4 can be used to build a “diagnostic graph” for the oracle BH procedure, as
depicted in Figure 5 for different data sets, « = 0.1, k/n = 0.1 and n = 10,000. The colored
areas correspond to points (¢, o) that belong to the region Sk o (While other points are left
in white color). In addition, in each of these points (8, o), we have depicted the number of
rejections of the plug-in BH procedure using the corresponding null A'(0, 0%). The rejection
number is used for the sake of readability, but we could have reported the rejection set for
further details. From Corollary 6.4, we know that, with probability at least 90%, the oracle
procedure has a rejection number equals to one of these numbers. As a result, we propose
the following practical interpretation for these diagnostic graphs: when all these rejection
numbers are of the same order and larger than r > 1, this means that the BH oracle procedure
should make at least r rejections (the user could also look more closely to the corresponding
rejection sets to validate these rejections). On the other hand, if one of these rejection numbers
is 0, it means that the BH oracle procedure possibly makes no rejection. In this case, our
recommendation is to return no discovery.

Let us apply this general diagnostic to the various examples depicted in Figure 5. The two
top data sets correspond to simulated observations (only 1 run each time), for which the true
underlying distribution is known. First, in the “lower bound” setting, the null is A/(0, o) and
the alternative density is % [ —¢p(-/o)/o]+ (o & 1.26). This distribution arises in the proof
of our impossibility result; see Section 3.1. The region is wide in this setting and contains the
true null (0, 2) (with no rejection) but also the erroneous null A/(0, 1) (with some rejec-
tions). Since the confidence set contains the empty rejection set, our recommendation leads
to no discovery. This is indeed correct because the oracle procedure makes no rejection in
that case. Second, in the “Gaussian alternative” setting, the null is A'(0, 1) and the alternative
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is A/(3, 1). The region looks much more narrowed and contains only scaling for which the
corresponding plug-in BH procedures make many findings (at least 532). Our recommenda-
tion is thus to declare these rejections as real discoveries (possibly after checking that they
also belong to the other rejected sets with 556, 687 and 721 rejections). Doing so, we are able
to almost mimic the rejection set of the oracle (here, the one with 721 rejections), even if we
are in the impossibility regime where k >> n/log(n). Here, the confidence region is able to
“guess” that the underlying distribution is favorable enough to make the problem of estimat-
ing the null possible. This illustrates that the confidence region is “distribution-dependent.”

Next, the bottom panels in Figure 5 display the region for two classical real data sets. For
the leukemia data set, the region contains scaling for which the plug-in BH procedure makes
no rejection (this turns out to be true for all of them). Hence, we recommend no rejection for
this data set. By contrast, for the HIV data set, there is evidence that the oracle BH procedure
is able to reject at least 46 variables.

Finally, while our diagnostic graph is used here with plug-in BH procedures, it could be
used in combination with any other procedures based on a prescribed null as, for example,
local FDR methods. We also underline that the above analysis easily adapts to any parametric
null family (Fp »)yeco, not necessarily Gaussian. The (1 — «)-confidence region for the true
null parameter(s) ¥ (P) is then simply replaced by

Ora=1{0€0@:Vje{0,...,n},a(j; Fo.n) <bn(j; Fo.9)},

the rest of the analysis being unchanged.
7. Discussion.

7.1. Conclusion. Elaborating upon Efron’s problem, we have presented a general theory
to assess whether one can estimate the null and plug-it into a BH procedure, while keeping the
FDP and TDP similar to the oracle BH procedure. As expected, the sparsity parameter k, that
is, the upper bound on the number of alternatives, plays a central role. The obtained sparsity
boundaries were shown to depend (i) on the fact that the null variance is known or not and (ii)
on the variations of the quantile function of the null distribution. We eventually went beyond
the worst case analysis by designing a confidence region for the null distribution, which only
requires the knowledge of an upper bound on the signal proportion. This allowed us to define
goodness-of-fit tests for null distributions and diagnostic graphs for assessing the reliability
of empirical null procedures. This is illustrated in detail in the vignette (Roquain and Verzelen
(2021)). We now further discuss several aspects of our work in light of the related literature.

7.2. Assumptions on the model. Our model relies on several assumptions. First, the null
distribution is assumed to belong to a Gaussian family (or to a location family in Section 5).
If this assumption does not hold, and the null distribution is indeed far from being Gaussian,
then our analysis is not correct and the FDR control is likely to fail. Nevertheless, the new
null distribution goodness-of-fit test described next to Corollary 6.3 can be used to validate
if the Gaussian null family is plausible. Before plugging the estimated null into some FDR
controlling procedure, we therefore recommend to use our test as a “sanity check” (see the
companion vignette for a concrete example).

Second, we assume that the observations Y;, 1 <i < n are independent. What happens
if they are some dependencies between the Y;’s? While this question is challenging in gen-
eral, we discuss here two possible answers: first, our theoretical results being extensively
based on concentration inequalities (Bernstein, DKW), a generalization would need to use
analogues in the dependent case, for instance using some kind of weak dependence be-
tween the Y;’s; see Merlevede, Peligrad and Rio (2009), Naaman (2021). While our nu-
merical experiments suggest that the results are robust against weak dependences (block-
correlation structure, Section S-1), supporting this fact with a theoretical statement is an
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interesting avenue for future research. Second, our framework naturally handles the fol-
lowing specific strongly dependent case: consider the Gaussian equicorrelated structure
Yi = i + pY2U + (1 — p)V/2¢, 1 <i < n, where U,&,...,& are all i.i.d. N(0, 1),
p € (0,1) and u; is the signal (null if and only if we are under the null). Then, conditionally
on the factor U, we have Y ~ N(u + p'/?U1, (I — p)I,,), with 1 = (1, ..., 1) € R". Hence,
letting 0 = ,ol/zU and 0 = (1 — ,0)1/2, we fall into the situation described by our model,
conditionally on U. This is in line with the well-known fact that unobserved covariates can
strongly affect the null distribution, which was one important original motivation for estimat-
ing the conditional null; see Efron (2008). While our theory does not cover the case of general
covariates, it encompasses this particular case, which is an important proof of concept in our
eyes.

Finally, let us note that when each Y; comes from a (Gaussian-normalized) test statistic
computed over several individuals, a classical alternative approach is to learn the (conditional)
null distribution by permuting the individuals. However, this method is not able to properly
learn the (conditional) null, as originally discussed in Efron (2008) and further illustrated in
the vignette (Roquain and Verzelen (2021)), so does not correctly account for the dependence
in factor models as the one presented above.

7.3. Connections with Huber’s contamination model and two-group models. Originally,
Huber’s contamination model was introduced in robust statistics as a mixture model with
density h = (1 — )¢y » + 7 f where 7 € [0, 1/2), ¢y, stands for the density of a (6, o?)
and f is an arbitrary density. When sampling according to this model, one observes a propor-
tion close to (1 — ) of data sampled from the normal distribution and a proportion close to
7 of contaminated data. In our framework, the contaminated data account for the false null
hypotheses and noncontaminated data for the true null hypotheses. Hence, Huber’s contami-
nation model interprets as a specific random instance of our model (1). Indeed, one can sam-
ple n observations according to & by first generating n Bernoulli random variables Z; € {0, 1}
with parameter 7. Next, if Z; =0, then Y; is sampled according to ¢ », whereas if, Z; =1,
Y; is sampled according to f. As a consequence, conditionally to the Z;’s, the distribution
P of Y satisfies n1(P) =)_7_; Z; and (0(P),o(P)) =(0,0), at least when )7, Z; <n/2
and all false null distributions P; are identical and have density f. This random instance of
our model (1) is central for proving impossibility results in Section 3.1.

In the multiple testing terminology, Huber’s contamination model can be interpreted as a
two-group model where the null distribution is a normal distribution with unknown parame-
ters whereas the alternative distribution is let completely arbitrary. Many recent contributions
have been devoted to specific forms of the two-group model, but the authors generally assume
that the data are sampled as a mixture of chosen parametric families (Cai and Jin (2010), Jin
and Cai (2007), Sun and Stephens (2018)). Hence, our model includes a semiparametric ver-
sion of the two-group model by letting the alternative distribution to be arbitrary. It has the
virtue of being in line with the original empirical null framework of Efron (2008) while be-
ing rich enough to ensure strong FDR controls as usually required in the multiple testing field
(Dickhaus (2014)).

7.4. Choice of BH as an oracle procedure—comparison to local FDR-type procedure.
In this work, we have chosen the oracle BH as the reference procedure. When the null and
alternative distributions are known, more powerful (and optimal) procedures have been de-
veloped. For instance, approaches based on the local FDR (Sun and Cai (2007)) and the max-
imin approach (Rosset et al. (2020)) outperform oracle BH while controlling the marginal
FDR and FDR, respectively. However, estimating such oracle procedures is only possible in
specific mixture model configurations. To quote (Rosset et al. (2020)), “care has to be taken
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in proper estimation of the mixture parameters in order to avoid an unacceptable inflation
of the FDR level.” In contrast, BH enjoys a strong control of the FDR for arbitrary alterna-
tive distributions. Besides, BH procedure is known to enjoy optimality power properties for
specific alternatives including sparse one-sided Gaussian alternatives; see Arias-Castro and
Chen (2017), Rabinovich et al. (2020).

As an aside, our impossibility results apply to any empirical null testing procedure. In
particular, they entail impossibility results for local FDR-type ones: if the sparsity parameter
is above the boundary, any local FDR-type procedure either violates the FDR control, or
is less powerful than the oracle BH procedure. This is also illustrated empirically in our
numerical experiments; see Section S-1.

7.5. Choosing the empirical null method in practice. Our analysis entails that a BH pro-
cedure with plugged robust estimators of the scaling parameters achieves the phase transition
and is therefore “optimal” with that respect. Nevertheless, this phase transition is of a “worst-
case” nature in accordance with our model that lets the alternative distribution to be arbitrary.
In some situations, the distribution of the alternatives may be more favorable so that the null
distribution can be better learned than suggested by the worst-case rates. If it turns out that
all the alternatives follow an identical Gaussian distribution as prescribed by the Gaussian
two-group model (Sun and Cai (2007)), then local FDR-type procedures are certainly more
suited. Hence, we underline that our plug-in procedure with robust estimators of the param-
eters does not always outperform other procedures. Choosing among these methods depends
on some unknown characteristic of the alternative distributions and exceeds the scope of this
paper.

Still, regardless of the empirical null method chosen by the statistician, we recommend,
in practice, to rely on the diagnostic graphs introduced in Section 6 to validate the inference.
Indeed, as long as the empirical null method is of plug-in type (which is typically the case for
the local FDR methods), these graphs can assess the validity of the plug-in method.

7.6. Open problems. This work paves the way for several extensions. First, one direction
is to investigate the sparsity boundary when the model is reduced, for example, by consid-
ering more constrained alternatives. A first hint has been given for one-sided alternatives in
Carpentier et al. (2021), where both a uniform FDR control and power results can be achieved
in dense settings, for example, kK = n/2 (say), which is markedly different from what we ob-
tained here. In future work, many more structured setting can be considered, for example,
decreasing alternative densities, temporal/spatial structure on the signal, and so on. Second,
the problem could also be made more difficult by considering a more complex model for the
null, for instance, by dropping the assumption that g is known, but assuming instead that it
belongs to some parametric or nonparametric class. Each of these settings should come with a
new phase transition that is worth investigating. Finally, the new proposed confidence region
is based on the DKW inequality, which is not always the most accurate tool. Reducing the
size of the confidence region is an interesting avenue for future investigations.
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