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SUPPLEMENT TO “EXACT CALCULATIONS FOR FALSE
DISCOVERY PROPORTION WITH APPLICATION TO
LEAST FAVORABLE CONFIGURATIONS”

By ETIENNE ROQUAIN AND FANNY VILLERS
UPMC University of Paris 6

We provide some proofs for the paper (1). We use the notation
and the equation numbering defined in (1).

1. Proof of (31)-(1). To prove (31)-(1), remark that we may assumed
that G(z) = z up to replace (¢;); by (G(¢;)); (because G is continuous
increasing). Next, assume k < k' < m and denote L(r) = Y% 1{p; < ¢, }.
By definition of a step-down procedure,

P [|SD(t)| = k,|SD(t")| = ¥']
=P[Vj <k, L(j) = j, L(k 1)
Vi k+1<j<K,L(j+1)> (k’+2):k’]

—k
= (Z) (};” k) P[Vj < b, L() 2 j Vi k+1 <) <K, L(i+1) >,
D1y Pk < bt < Dhtts o PE < iz < D/t oo P

m\[{m—k
= k E— L P P1,---5 Pk < tk-l—l < Pk+1 - Pk/ < tk’—l—? < Dk'+15 -3 Pm »

k,
Vj<kzl{pz§t}>J, Vik+1<j<K, > Up<tjpn}>j—k
=1 i=k+1

" mek m—k'

x P [tk-i—l <Py < th2s - Pk —k) < tk’+1] )

AMS 2000 subject classifications: Primary 62J15; secondary 62G10; tertiary 60C05

Keywords and phrases: False discovery rate, false discovery proportion, multiple testing,
least favorable configuration, power, equicorrelated multivariate normal distribution, step-
up, step-down

1
imsart-aos ver. 2010/04/27 file: RV_AoS_supplement.tex date: February 4, 2011
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where we used that the p-values are i.i.d. Simple computations give that
P [tk-i-l <Py < tkt2s o Pk —k) < tk’-i—l}
=P {pu) Stpre = Ukt ds s P —k) < thr+1 — tk+1} :

This leads to (31)-(1). The cases k < k' = m and k = k’ are similar.

2. Proof of (16)-(1), (17)-(1) and (18)-(1). Let us state the follow-
ing general expression: for 1 < j < k < m,

(1)

B{[Ho(H) NSD(t)| = j | [SD(6)| = K] = (f) it~ i, )

Ui (G(t), ..., G(tr))’

where we let \I/k,j,Fl(th---,tk) = ]P)[U(l) < tl,...,U(k) < tk], in which the
probability is taken over (U;)i<i<k such that (U;)i<i<; are ii.d. uniform,
independently of (U;);y1<i<k i.i.d. of c.d.f. Fy.

Applying (1) in the particular cases j = k, j = 0 and F; = 1 leads to (16)-
(1), (17)-(1) and (18)-(1), respectively. To state (1), we use that (H;,p;); is
a i.i.d. sequence:

P[[Ho(H) NSD(t)| = j, [SD(t)| = K]
k\ [(m
- (;) <k>IP’[SD(t) = {1k} Hy = .. =Hj=0,Hj = ..=H,=1]
k\ [(m k
- (5)(" P[wgk,ZHmgte}ze,wzk+1,pi>tkﬂ,
=1
H1:...:Hj:O,HjH:...:Hk:l}
_ (R ik S g
= )mom P\VO<k> Upi <t} >¢|H =..=H=0,
i=1
m _
Hj1=..=Hy= 1} (k:) (1= G(tpsr)™ ",

which leads to (1) by applying (19)-(1).

3. Proof of Proposition 3.8 of (1). We focus on the step-up case,
when p € (—1,1) and mo = 1 (the remaining cases are left to the reader).
Without loss of generality, we may assume that the first coordinate corre-
sponds to the true null, that is, H = (0, 1). In this context, the FDP takes
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one of the three values: 0, %, 1, according to the location of the test statis-

tics Y; = X; + pH; with respect to the critical values z; and z5. From the
definition of a step-up procedure, we may define the region D; = {(y1,y2) €
R? | FDP(y1,y2) = i/2} , for i € {1,2}, where FDP(y1,%2) denotes the FDP
of SU(t) taken in the p-values p = (®(y1), ®(y2)). The regions D; are repre-
sented on Figure 1(a). Next, since (Y1, Y2) follows the EMN model, we may

write for ¢ € {1,2},

P(FDP (Y1, Ys) = i/2)
2
_ (271_)71(1 _ p2)71/2 /D eXp{ o (yl ;(?(ng;):u’)) _ %(yZ _ M)2} dy1dys
= (2n)! / exp{—(u* + v?)/2} dudv,
D

k3

by using the substitution u = (1 — p?)~Y2(y; — p(y2 — 1)) and v = yo — p,
and where the resulting integration domain D; is represented on Figure 1(b).
Therefore, we obtain

P(FDP = 1/2) = (27)"'/? /oiu exp{—v?/2}® ((21 —pv)/y/1— p2) dv,

Z1

and

P(FDP = 1) = (2r)~ /2 /217“ exp{—v?/2}® ((z2 —pv)/y/1— p2) dv,

and the final expression results by using the substitution w = ®(v).

4. Proof that the linear threshold satisfies condition (A)-(1).
Let us prove that the threshold t; = aj/m, 1 < j < m, satisfies (A)-(1). For
any m > 2 and 1 < k < m, let us denote

s Wik " b (( aj/m ) z)
mk = Dy | | ——— ;
= k+1 1—ak/m 1<j<m—k

and prove that k € {1,...,m} — S, i is nondecreasing. Letting a,,; =

% (1 -« mm_fk) (increasing in k) and by, = 72 M=k (decreasing in k),

m m—ak

we may prove the following recursion (see the proof below):

(2) Sm,k = Qm,k + bm,kSm—l,k-
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Graph for p < 0.

imsart-aos ver. 2010/04/27 file: RV_AoS_supplement.tex date: February 4, 2011



SUPPLEMENT TO “EXACT CALCULATIONS FOR FDP” b)

Using (2), we can state that k € {1,...,m} — S, is nondecreasing by a
recurrence on m > 2: the property is obviously true for m = 2. Assuming
the property true for m — 1, we obtain for any 2 < k <m — 1,

Sk — Smk—1 = @mk — G k—1 + b kSm—1k — bm k—1m—1k—1
= amk — A1 T (Omk — Om—1)Sm—1k
+ b k—1(Sm—16 — Sm—1,k—1)
> (amk + bm k) — (@mk—1 + b k—1)s

1 — am=k the quantity

because S;,—1 < 1. Hence, since a,, i + by = P o
Am k + bm i 1s increasing in £ and Sy, — Sy p—1 > 0. Also, we obviously
have Sy, m =1 > Sy m—1, and the recurrence is completed.

We now finally state (2). Let for 1 < j < m —k, t; = 1?2{@% and

th =1 —tm g_ji1, S0 that

k ] E [ k
k+SD((t)<jemn)l | |m—[SU(t ) 1<j<mr)l |

where Ey denotes the expectation with respect to i.i.d. uniform p-values.
Hence, denoting t;- = 0+ jy with § = =122 and v =

m—ak

[ ISU((#))1<j<m—)| ]
k

Sk = Eo

m , We Obtain

= [SU((#})i<j<m—)]

X Z m—l—j j mflfkfj( _tmfka-"y _tj+2)

1 m—k m-—k

=— -7 + (8 +my)Eo [m !

= [SU((#41)1<j<m—1-4)|

m m m

1 —k 2 S
—— T (B my) 2,
m m

and the recursion (2) is proved.
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5. Proof of (29)-(1). For any 0 <i < m — 1, let us denote
ui = Eo[(|SU((t))is1<jzm)| + i+ 1) 71,

(where Ey denotes the expectation with respect to i.i.d. uniform p-values)
and umy, = 1/(m + 1), ums1 = 0, so that ugp equals the quantity in (29)-(1).
We may prove the following recursion relation: for any 0 < i < m,

(3) (i+ Duy = (1= (m = i)y) — (m — 1)(8 = Yuss1.

Expression (3) is proved as follows: for i < m,

ISU((t)ir1<j<m)]
ISU((t))i+1<j<m)| +i+1

(i—i—l)ui =1—-Eg [

mi k m—1 k
=1- —_ thti) Vi (1 =ty oo, 1 — tey
kgl k+2+1< k )( k—l—z) m—i k( My = k+z+1)

Rty (m—i—1 k-1
(m Z)kz::l k:+i+1< k—1 )“’““)
X Wi (1 =ty ooy 1 = tpgig1)
m—(i+1) .
B | Py (mete .
=1—(m—1) ];) <7+ Fr G D1 1 (tkt(i+1))
X W (i 1)—k (L= tmy s T = tpg i1y 41) -

Next, we obtain that the solution of the recursion (3) is given by

L (i) m—i) X x (m— (i +))
m— (i+7) (i+1)x---x(GE+j+1)

which leads to ug = .7 Img)y (M (4 — B3)7 and (29)-(1) results.
=0 j+1 A

6. Proofs of the lemmas of Section 7 in (1).

6.1. Proof of Lemma 7.1 of (1). First note that since k is nondecreasing
in each coordinate of (pi, ..., pm ), we always have k< ]%21) + £. Second, since
Py <t is equivalent to [{1 < j < m [ p; < tx}[ > k, the rejection
number of SU(t) can be defined as k = max{k € {0,1,...,m} | {1 < j <
m | p; < tp}| > k}. Hence, V1 < i < £, p; < tiffe)” is equivalent to

{1 §j§m|pj§t,%&)+é}\2€+|{€+1§j§m\pj§t,%&)+e}|whichis
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. . A/ o, . /\/
equivalent to [{1 < j <m | p; < t’%EaMH > L+ ki, by definition of k.
As a consequence, since k is a maximum and since k < k&) + £, the latter

is equivalent to k! o T L= k. This establishes the second equivalence. The
first equivalence easily comes from the second equivalence and using that

1, < t%) 4e because (t)r is a nondecreasing sequence.

6.2. Proof of Lemma 7.2 of (1). Similarly to the step-up case, the rejec-
tion number of SD(t) can be defined as k = max{k € {0,1,....m} | VK’ <
k, {1 <3 < m | pj < tp}| > K'}. Also remark that we always have
k‘gl) + 1> k and, by deﬁnit}on c~>f k, for any j we have p; <t <~:> Dj §~ by
First prove that p; < t; & k = k‘gl) + 1: using the definitions of k and kzl) we
obtain p1 <t; & {2<j<m|p; <tp H <k ky <k‘<:>k21):1—1:k‘.

Second, we prove p; > t; < p; > tl%(l ,: since we obviously have k > l;:(l),

4
we get p1 > tp = p1 >ty = p1 > )t,;(l)_H. Conversely, if p; > tk(l)
get {1<j<m|p<tp H=K2<ji<ml|p<t; .} <kq+1
(by definition of k), hence k(;y +1 > k (by definition of k), which implies
k(1) =k, thus p1 > t; | and finally p; > ;.

410 We
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