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S-1.  KERNEL-BASED STATISTICS FOR SLIDING WINDOWS
S-1-1. Two-sided test for the two-sample problem

The kernel framework for testing proposed by Gretton et al. (2012) and Fromont et al. (2013)
is based on the estimation of a distance between the functions v4 and vp in a reproducing kernel
Hilbert space, or in L?. In particular, Fromont et al. (2013) show that these test statistics are
minimax with respect to various smoothness classes, and in this sense, powerful against some
alternatives that cannot be distinguished by count-based tests. The shape of the statistic is given
by

S(z) = Z Kn(T —Tere,
T#T'eNNI,

where NV is the joint process and the e7’s are the marks; see Section 2-3. In particular, it only
depends on the composition of the window. To understand why this statistic is meaningful, let us
compute its expectation. By classical computations for Poisson processes, 20

Egx{S,(x)} = E\ > Kn(T—THo)oT)
T#T'eNNI,

= [ Kpt—to)0E NN )dtdt
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= | Kpt—t){vat) —ve@t)} {vat’) —vp(t)} dtdt’.
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2 F. PICARD AND P. REYNAUD-BOURET AND E. ROQUAIN

In particular, we obtain, under classical assumptions on the smoothness of v4 — v, that

Bor (8@} = [ {valt) ~va(0} ar

This short derivation illustrates the motivation to use S(z) as a test statistic for two-sided tests in
the two-sample case. Large values of S(z) indicate large differences between the functions v4
and vp. Note that from a computational point of view, the complexity for computing S(x) is of
the order of N?(I,.). However, thanks to the piece-wise constant property of S(z) on partition 7,
the continuum {S(x), z € X'} can be computed using the in/out points of each scanning window,
which drastically reduces the global computational burden.

S-1-2.  Two-sided test for homogeneity detection
Conditionally on the event { N (][0, 1]) = n}, the points in /V form an n independent and iden-
tically distributed sample with density f = 1 + 6. Hence,

fs) == Y Kils—T),

TeNNI,

is an unbiased consistent estimate when n tends to infinity of

fu(s) = f Ky (s —1t)f(t)dt.

Consequently, the corresponding U-statistics given by

1

e . Kn(T-T), (S-1)

T'eNNI,
T'4T

is an unbiased estimate of:

Kp(s = t)f(t)f(s)ds — || f7,.
I2 h—0

Note that in a testing framework, we do not want to estimate || f||7 and we do not need to
consider small values for h, we even recommend to take h = n when it is unknown. This choice
would not be appropriate for estimation, but seems sufficient for testing. Next, if H(I,.) holds,
f=1onI,and ]| f ||%I = 1. So we propose the following statistic

1

S o=y

Z Kh (T - T/) =N,
T'eNNI,

T'#T
and the local null hypothesis is rejected for high values of S(x).

S-1-3.  One-sided test for homogeneity detection

In this case we focus on what is happening when f > 1. Hence the target quantity to estimate
is

/] f(s)max {f(s), 1} ds.
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Here we consider the following density estimator:

N 1 /
fh(S):W Z Ky (T' - s),

T'eNNIy,
T'+#s

which leads to the following statistics:
1 -
S) = —— max{fh(T),l}.

If there exists a ¢ in I, such that f(¢) > 1 and if f is smooth enough such that this holds on a
neighborhood, Ey [max { f(T'), 1} Lyre Iz}] should be larger than 7, whereas its value should be
smaller than 7 if there are no such ¢.

S-1-4.  One-sided test for the two-sample problem
Applying a reasoning similar to above, the quantity

1
_ K, (T -1 '
N([o,u)—lT,g%h W = Ter,
T/ 4T

is a good estimate of §(T)A(T)/ [ A, for each T in N. If one wants to reject only when there
existsat € I, such that 6(¢) > 0, then one needs to take the positive part of the previous quantity
and integrate it with respect to 7" in N N I,. We do not want to multiply again by e because we
do not want to multiply by 6 twice. This leads to

_ 1 1 ’
S(.’E) = m Te%;]lz max W T/gv:mlz Kh(T T )ET/ 5 0 9
T'#T

which estimates E\ [max {6(T)\(T), 0} Lyre Ia:}] for T'random variable of density proportional
to .

S-2. MONTE-CARLO PROCEDURES FOR p-VALUES ESTIMATION AND ADJUSTMENT

Depending on whether the distribution of the single test statistic is explicit or not, the num-
ber of Monte Carlo steps that are needed in practice differ. More precisely, for tests based on
the count statistic the p-value process is explicit. Hence, no need for Monte Carlo in this case.
Moreover, since our weighted Benjamini—Hochberg procedure (Section 4-4) is also completely
explicit, RYPH can be easily computed in practice.

However, the min-p procedure based on count-statistics is not explicit since it requires the
conditional distribution of inf,cy p(z) given Dt under the full null hypothesis. Therefore, we
need to use a Monte Carlo procedure to approach this distribution. This can be achieved while
maintaining a valid family-wise error rate control by following Romano and Wolf (2005a), as
detailed below.

When dealing with kernel-based tests the p-value process is not even explicit; see Section S-
1. One can use again the estimated p-values developed by Romano and Wolf (2005b) since their
result shows that they satisfy (2) and R¥ZH can be easily computed in practice and only requires
one Monte Carlo step. However, there is no theoretical false discovery rate guarantee and we only
show the false discovery rate control by simulations in Section 5.
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4 F. PICARD AND P. REYNAUD-BOURET AND E. ROQUAIN

As for the min-p procedure based on kernel statistics, it requires an additional Monte Carlo
step. To this end, a classical and sufficient method is to perform an approximation using two
independent Monte Carlo samples, which we use for homogeneity test. For the two-sample case,
the Monte Carlo procedure is quite demanding and is close in spirit to bootstrap methods. In this
case, we develop a double Monte Carlo procedure, which only requires one Monte-Carlo sample
and still guarantees a controlled family-wise error rate, Section S-2-3.

S-2-1.  Monte Carlo estimation of the kernel-based p-value process for the homogeneity test

Given 91 = N ([0, 1]), the distribution of S(z) under H(I,) does not depend on x. Let us
focus on the first window I, 5 = (0, 7] and simulate points inside this window under Ho(1,, /7).
Therefore we consider B random samples of the number of points inside /5, n for all b =
1,..., B, with conditional distribution B(n,n) given N([0,1]) = n, and for each b, we draw
N? the point process restricted to I, /2 as the realization of a n;, independent sample of uniform
variables on (0, 7]. For each b, one can compute thanks to N the value of the test statistic for the
first window, that we denote Sj. But since all the statistics are distribution invariant by translation
under the null, one can also say that this sample has the same distribution as S(x) under Ho (1)
for every window center = in X.

Therefore, whatever B, one has easily access to (Sl, ) B), B independent variables with
the same distribution as S(z) under H () for every x. We use as estimated p-value process:

B
L*E:lwpﬁunla
b=1

which satisfies Property 2 by an application of Romano and Wolf (2005b).

1

P =5

S-2-2.  Monte Carlo estimation of the kernel-based p-value process for the two-sample case

We label the observed marks € = ¢ such that it constitutes the first term of a (B + 1)-sample
of marks, filled by B independent draws of independent Rademacher sets, £? := (5%)T€ N, for
b=1,..., B, whose distribution is the one that the observed marks 7’s should have under the
full null hypothesis. As previously, the Monte Carlo approximated conditional p-value of window
1, is defined by:

B

1

(@) = 57 |1+ 22 Ls@zsown | (5-2)
b=1

)

where Sp(x) = S(x) is the observed statistic and where Sp(x) is the value of the test statistic
on I, that is computed with the resampled marks £ and fixed joint process N. Let us underline
that since in the two-sample case the partition 7 only depend on N and do not vary with the
resampling scheme &°, the processes {Sy(z)}zex, for b =0,..., B, and therefore the process
{p(x)},ex are piece-wise constant on 7.

S-2-3.  Two-step Monte-Carlo method for the min-p procedure.

Recall that when using the min-p procedure with a p-value process that is not explicit, we need
two Monte-Carlo approximations.

In the homogeneity case, the distribution of the test statistic under the null does not depend on
the window centers, while the distribution of the minimum of the p-values relies on the observa-
tions over all windows. Hence, it is quite natural and straightforward to perform two separated
Monte Carlo schemes for these two steps in a direct manner.
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In the two-sample case, the trick is that one can use the same sample of (V, £”)’s as the one
used in (S-2) for both approximations. More precisely, the p-values p,(z), corresponding to the
simulated process (N, €%), can be computed as

~

pb B + 1 Z {Sb’ x)>Sb }

that is we do the same computation as in Eq. S-2 except that we replace the observed statistics
So(z) by the simulated one Sy (), hereby computing a “resampled” p-value process correspond-
ing to %, Then, let us define, forallb =0, ..., B

m® = inf py(z).

TEX,

The corresponding adjusted Monte-Carlo p-values are then given by

B
) = 5 1+ 1{mb<m>}] -
b=1

Finally the rejection set is given by
R = {2 € X,q(z) < a}.

The previous double Monte-Carlo procedure is based on the use of the same random signs
(5%)T EN’ b=0,...,B and not on two sets of different simulations. Indeed the £®’s are used
twice: a first time to estimate the p-values of the observed process and a second time to give
the p-values even on the simulated realizations leading to the adjusted p-values. This procedure
has the double advantage of sparing computational resource, while enjoying the same control
property as shown hereafter.

THEOREM S-1. Let o € (0, 1). For the two-sample case and for all (0, )\), the continuous
testing procedure defined by (S-2-3) satisfies

FWERy ,(R™) < a.

This result holds whatever the choice of the single test statistic that only depends on the compo-
sition of the window. It is proved in Section S-5-3.

S-3. PRACTICAL ISSUES
S-3-1.  Construction of the partition T

If the partition 7 is obvious in the homogeneity case, the two-sample case is more difficult. In
this case, occurrences from /N4 and Np are merged to form the joint process N and Rademacher
marks (e7)r are introduced as labels, see Fig. S-1. Each occurrence 7' € N has a span 7 that is
used to create the partition 7 whose elements constitute the centers of the testing windows I, ,
(Tm € 7). Such construction of the windows ensures that the composition of the observed point
processes is constant between two centers 7,,, and 7,41 in terms of number and repartition of
points. The p-value process is then a cadlag process with jumps defined by partition 7.

S-3-2.  Description of the full procedure in practice

In the applications, the p-valueprocess is computed as well as its min-pand weighted
Benjamini—-Hochberg adjusted versions. In order to propose a completely operational procedure,
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Fig. S-1. Construction of the partition 7 for the two-sample
test.

we need to clarify the distinction between the point space and the window space on which the
decision is made. Indeed, if window I, is accepted by our procedure without mistake, then one
is sure that H ¢ holds for all point ¢ in I, whereas if a window I is rejected without mistake, it
is yet not clear whether there is not a smaller interval included in I, on which the null hypothesis
holds. Consequently, we start by defining the set of accepted windows

A={zeXx : q) >a},

with ¢(x) denoting the adjusted p-value process (possibly estimated). The graphical representa-
tion of our procedure is then based on the estimated set of points that only lie within rejected
windows, namely:

7 = [0,1\o,

where fo = {t €[0,1] : Jz € Astte Ix}; see the gray rectangle in Fig. 2, main text.

S-3-3.  Simulations under the full null hypothesis for the two-sample test

We consider the two sample test under the full null hypothesis, ([0, 1]) that corresponds to
{6 = 6y} (Section 3-1). To proceed we simulate a homogeneous Poisson process with intensity
A, along with € = (e7)ren, a set of marks with values in {—1,1} that are sampled with a
Bernoulli distribution or parameter 1/2; see Section 2-3. Then our procedure is run with window
size n = 0.05.
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Table S-1. Error rates control under
the full null hypothesis for the two-
sample test (two-sided). The level of the
test is « = 10%, the window size is ) =

0.05.
FWER FDR
min-p wBH
A Count Kernel Count Kernel
500 0.8 10.6 7.1 5.5
1000 0.4 9.5 4.7 4.2
5000 0.2 9.6 49 5.0

FWER, family-wise error rate; FDR, false dis-
covery rate; CZ, Chan and Zhang method; SZY,
Siegmund, Zhang and Yakir method with 5 or 50
windows; wBH, weighted Benjamini-Hochberg
procedure.

S-3-4.  Exact expression of 0 in the simulations

For a fixed parameter r, we simulate a heterogeneous Poisson process corresponding to the
following piecewise constant signal 6:

+0*, forte Il+

0(t) = —0%, forteZy
0, otherwise.
with
1 1 r 1 1 r 3 r3 r
TH=|2_2 24+ ° Z Z T __ 4l
! [4 4’4+4} [2 472 4] [4 4’4+4]’
and
- 1 r 1 T_U—l_'_r 1+r_
V4 274 4] |4 474 2]
oltorl ) fier i 7]
2 2'2 4] |2 472 2]
ol3_r3_rlyl3,r 3]
4 274 4] |4 474 2]

Then 7Z; = If“ UZ;, Zp = [0,1]\Z;, denote the positions on which 6 is not null. We consider
this particular shape of 6 to ensure that fol 6(t)dt = 0. This function is displayed in Fig. S-2.

S-3-5.  Assessing the performance of methods based on true positives

In order to also compare methods based on type-II errors, we propose two indicators that are
the type-II analogues of the family-wise error rate and of the false discovery rate. To assess a
family-wise type-II error rate we consider the following probability:

Pyr(Jg MR #0), (S-3)

130

135
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8 F. PICARD AND P. REYNAUD-BOURET AND E. ROQUAIN

with J§ N R being the set of true positive windows. To obtain a rate, we also consider the true
positive rate defined such as:

B AJENR) B A(JENR)
o)~ Eor {5y |~ a6

with J§ N A being the set of false negative windows. This indicators provide a measure of the
power of different methods while considering the multiplicity of the test. The comparison of
these type-II error rates should be done cautiously since the type-I error rates are not comparable
between different methods (Fig. 1, main text).

0.5

-0.5

0.00 0.25 0.50 0.75 1.00

Fig. S-2. Simulation setting with an alternative for the ho-

mogeneity case. Signal function 6(.) that equals 0 under

the null hypothesis, and 6" elsewhere. Black line : 8" =
0.8, dark grey line 8* = 0.2, light grey line 6* = 0.01.

ChanZhang minp BH.continuous SZY.5 SZY.100

1.00 =

0.00 =

Fig. S-3. Comparing true positive performance between
methods(aw = 10%). Black line: A = 5000, dark grey line:
A = 1000, light grey line: A = 500. Plain line: count
statistic, dotted line: kernel statistic. ChanZhang: Chan
and Zhang (2007) method, SYZ: Siegmund et al. (2011)
method with 5 and 100 windows of identical length.
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S-4. FURTHER EXTENSIONS FOR THE min-p PROCEDURE
S-4-1.  Step-down improvement 145
We now provide the step-down version of our family-wise error rate controlling procedure.
Let us first introduce some notation. For any fixed subset C of X, denote F| 9(/; o the conditional
cumulative distribution function of inf,c¢ p(z) given 9. Then we define

N(EC)={ze X,Fecom{p(x)} <a}.

The theoretical step-down algorithm can then be derived as follows: Step 0 : compute R" = (;
Step j > 1: compute R/ = N {(R7~1)“}. The step-down rejection set R*P4°¥" is then defined
as the limit of R/ when j tends to infinity. Note that R! = {x € X : ¢(x) < o} and that the
sequence of R/ is increasing.

The fact that this algorithm ends almost surely in a finite number of steps is just an easy 1so
consequence of the fact that for a given realization, there is only a finite number of possible
values for the p-value process, which is in fact upper bounded by the size of the partition 7.
Indeed, at each round, R’ cannot decrease and if it increases, it is by absorbing sets of the type
{z € X,p(x) = a} for some a. We show that such an algorithm guarantees a controlled family-
wise error rate below in Section S-5-4. 155

S-5. PROOFS
S-5-1. Proof of Theorem 1
By definition, we have

FWER \(R™) = E) [Py {3z € Jo, q(z) < a | N}

< (| rp{ ut st} <o )
= (o [ A { inf pte)} <01 1))
o o ) 20 4]

where we used property (7). The result comes from the fact that
Py, [ (iy?f{infp(x)} <a | ‘ﬁ] < a,
TEX

because under 6o, the quantity £ {inf,cr p(z)} can be seen as the p-value of the test based on
the statistics — infcx p(z), see for instance Lemma 1 of Fromont et al. (2016). 160

S-5-2.  Proof of Theorem 2

We follow the methodology introduced in Blanchard et al. (2014) by applying their Theo-
rem 4.1. While the measurability conditions can be easily checked because the p-value process
is cadlag, the result will be proved if we show that the p-value process is finite-dimensional
strong Positive Regression Dependent on each one from a Subset (PRDS) on Jy, as defined in 165
Blanchard et al. (2014).

For the homogeneity test, Lemma A.2 in Blanchard et al. (2014) shows that the p-value process
is finite-dimensional strong PRDS on any subset, and thus also on Jp, which shows the desired
false discovery rate control.
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Let us now consider the two-sample case. In that situation, we prove in fact the stronger

statement
A (‘ ‘)’g ) ’ )

which can be seen as a “conditional false discovery rate control”. The standard false discovery
rate control easily follows from (S-5) by an integration. By Theorem 4.1 of Blanchard et al.
(2014), (S-5) is proved as soon as we show that the p-value process is finite-dimensional strong
PRDS on Jj conditionally on N. This condition takes the following form: for any ¢ > 1, for any
(j)j=1,..q € X9 such that z; € Jy, for any nonincreasing set D C N¢,

n— Py [{S(z)}j=1,.. € D | S(z1) =n,NJ]. (S-6)

is nonincreasing. Above, a nonincreasing set is defined as a subset D C N7 such that for all
(z,2") € NTwith z; <z} forj = 1,...,q, we have 2’ € D = 2 € D. Also, in (S-6), we adopt
the convention that the conditional probability is equal to 0 whenever the event S(z1) = n is of
probability 0. Equivalently, the nonincreasingness in (S-6) should be proven only for n in the

range {0, ..., m} where m = N (I, ) is the maximum possible value for S(x;).
Now, let us denote p = N ([0, 1]) > m the total number of points of N and write
N = (E)i:l,...,]ﬁ

where the T;’s are distinct points of V. To shorten the notation, we also assume that the labeling
of the 7;’s ensures that 17, ..., T}, belongs to I,,,. For i =1, ..., p, the mark of each 7} is de-
noted by A;, so that the variables A;, i = 1,.. ., p, are mutually independent and A; is Bernoulli
with parameter 6(7;). Since z1 € Jy, note that A;, i = 1,...,m, are independent and identi-
cally distributed Bernoulli variables with parameter 1/2. Let us denote Py, the distribution of
the whole vector A = (A;);=1,... ,- We thus have

m

S(xj) = Z A, j=1,...,q with S(ml):ZAi.

iTi€la; i=1

Let us now define

C=4be{0,1}P : | > b eD

i:TiEII].

Since D is a nonincreasing set, so is C. It is easy to see that

Pg [{S<1‘j>}j:1,..‘,q eD ‘ S(xl) = TL,N] = Pé,p <A eC ‘ Zm:AZ = n> .

i=1

Therefore it remains to prove that this last quantity decreases with n in the range {0,...,m}.
For this, define for two given vectors y € {0,1}™ and z € {0, 1}P~"™, the vector yz € {0, 1}? as
the concatenation of y and z. Denote also for all z € {0, 1}P~™

C.={ye{0,1}" | yz€C}
and forallb € {0, 1}7, 0™ = (b;)i=1,..m € {0,1}™and b™™ = (b;)i=m+1,..p € {0,1}P7™. Let

)

us also denote Py, .(.) =Py ,(. | A™™ = z) the conditional distribution with respect to A™"".
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It is easy to see that

Pyp (AEC ‘ ZAi=n> =Eyp {Pe,vam <A€C | ZAiZTl)}

i=1 i=1

= Ee,P {Pe,p,A—m <Am € CA—m | Z Az = n) } .

=1

As a consequence, to finish the proof, it is sufficient to show that

m
ne{0,...,m} — Pq. <Am €C, | Z A= n) is nonincreasing, for any z € {0, 1}P~™.

i=1 (S_7)
Let z € {0, 1}P~™. First, C, is a nonincreasing set since C' is. Second, consider J,..., Jn,
a sequence of indices that are taken uniformly at random without replacement in {1,...,m}
and denote by P; the distribution of the m-tuple (J1,...,Jy). Since A™ is independent of

A~™, conditionally to Y ;" | A; = n, the set of positions of the 1’s in A,,, has exactly the same
distribution as the set {J1,. .., J,}. This entails

PQ%Z <Am eC, ‘ ZAZ = n) =Py (5{]1’“.,]”} S Cz) )

i=1
where for any subset A of {1,...,m}, 04 is the vector of {0, 1}"* with 1’s exactly at the positions
iin A. Now, forn < m, d;y, . 7,3 < 0(J,....7..,} and since C, is a nonincreasing set, one has

5{J1,-~-,Jn+1} S CZ = 5{(]17“_“]7}} c Cz-

Hence, for n < m,

]P)J (6{J1,...,Jn+1} € CZ) S ]P)J (6{J17--~7Jn} € CZ) ’
which shows (S-7) and thus the result.

S-5-3.  Proof of Theorem S-1

By using (7) and thanks to Property 1, that is used for the observed sample and the fact that
the distribution of the resampled €® for b = 1, ..., B, is fixed whatever #, we have that

FWERQ,)\(ﬁinf) = FE) [Pg {333 S Jo,(/]\(.r) <« ’ ‘Jt}}

B
= FE) {P@ <B1+1 1+ ; 1{mb§inf;ceJ0 ﬁ(z)}] <« ’ ‘JT) }
1 _B
N {P90 <B+1 1+>° Lt <int, e 5(@}] <o m)}
1 b;l
< E) {P@U (B—i—l 1+ ; 1{mb<inf:cex;?\(90)}] <a ‘ ‘ﬁ) } .

As a consequence, by using the notation m’, we have

1 B
Py, {B—i—l <1+;1{m”<m0}> <a ‘ﬁ}] .

FWERg,(R™) < Ey

190
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12 F. PICARD AND P. REYNAUD-BOURET AND E. ROQUAIN

Since, under Pj,, the random variables €0,...,eB are independent identically distributed

Rademacher, the process vector [{p°(z)}zcx] p=0...., is exchangeable under P, and condition-
ally on N, which in turn implies that the vector (mb)b:07,,,7 p is exchangeable under Py, and
conditionally on N. Therefore, applying Lemma 1 of Romano and Wolf (2005b), we obtain

B
1
S E < <
PQO{B+1<1+b_11{mb<m0}>_am}_a,

and it remains to integrate with respect to /N to conclude.

S-5-4.  Control of the step-down algorithm
We follow the approach proposed in Goeman and Solari (2010). Let us consider the event

&= {JoﬁN[Jo] :@}
Then, by (1), we have

Py A(E°) = Poa [Hx € Jo, FyPy{p(x)} < a}

= Py, [EI:B € Jo,Fé{)Om{p(ac)} < a]

= F)\ (Pgo [Fé@m{ inf p(x)} <a | mD < a.

x€Jy

The last point comes from the fact that we have point-wise,
J .
Py, [FQO‘)’W {Zlélﬁ)p(l‘)} <a | ‘ﬂ} <,

because

Jo .
Foym { ;gop(x)}
can be seen as the p-value of the test based on the statistics — inf,¢ s, p(x) and described for
instance in Lemma 1 of Fromont et al. (2016).

Following the methodology of Goeman and Solari (2010), we have proved the so-called single-
step property. Now, the following monotony property should be used: if C C C’ then F(,CO n <

Fe(i),ﬂn and V' (C") C N(C). The end of the reasoning is then as follows: for all j, if Jy C (R/)¢,
RITL = N{(R7)°} € N(Jo). Now, on &, N'(Jo) N Jo = and therefore if Jo C (R7)°, we
have also Jo C (R7+1)¢. Since Jy C (R")¢ = X, one has with probability larger than 1 — « that

Jo C lim; R7, which means that the procedure derived by the step-down algorithm is controlling
the family-wise error rate at level a.
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