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This paper studies the semisupervised novelty detection problem where
a set of “typical” measurements is available to the researcher. Motivated by
recent advances in multiple testing and conformal inference, we propose
AdaDetect, a flexible method that is able to wrap around any probabilistic
classification algorithm and control the false discovery rate (FDR) on de-
tected novelties in finite samples without any distributional assumption other
than exchangeability. In contrast to classical FDR-controlling procedures that
are often committed to a pre-specified p-value function, AdaDetect learns the
transformation in a data-adaptive manner to focus the power on the directions
that distinguish between inliers and outliers. Inspired by the multiple test-
ing literature, we further propose variants of AdaDetect that are adaptive to
the proportion of nulls while maintaining the finite-sample FDR control. The
methods are illustrated on synthetic datasets and real-world datasets, includ-
ing an application in astrophysics.

1. Introduction.

1.1. Novelty detection. In this paper, we consider a novelty detection problem (see, e.g.,
Blanchard, Lee and Scott (2010) and references therein) where we observe:

e anull training sample (NTS hereafter) Y = (Yq, ..., Y,) of “typical” measurements where
Y;s share a common marginal distribution Py which we refer to as the null distribution;

e and a test sample X = (X1, ..., X;,) of “unlabeled” measurements for which the marginal
distribution of X; is denoted by P;, which might be different from Py.

These measurements are assumed to take values in a general space Z endowed with a pre-
scribed o-field. For example, the space can be the set of real matrices (2 = RY xd"y or real
vectors (Z = R%), whose dimension is potentially large.

Putting two samples together, we observe Z = (Z1, ..., Zy4m) = (Y1,..., Yn, X1, ...,
Xn). The aim is to detect novelties, namely X;s with P; # Py. This task is illustrated in
Figure 1 on a classical image dataset, where we want to detect hand-written digit ‘9’s in
the test sample based on an NTS of digits ‘4’. The procedure, that declares as novelties the
images with red boxes, can make false discoveries (digit ‘4’) and true discoveries (digit ‘9’).

To avoid false positives that might be costly in practice, we seek to control the false dis-
covery rate (FDR), defined as the average proportion of errors among the discoveries, while
attempting to maximize the true discovery rate (TDR), defined as the average portion of de-
tected novelties. FDR has been a very popular criterion in multiple testing and exploratory
analysis since its introduction by Benjamini and Hochberg (1995); see Benjamini (2010) for
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FI1G. 1. Illustration of the novelty detection task on the MNIST dataset (LeCun and Cortes (2010)); see Section 6
for more details on the setting.

a detailed discussion and Barber and Candeés (2015), Barber, Candes and Samworth (2020),
Bogdan et al. (2015), Javanmard and Javadi (2019), Ma, Cai and Li (2021) for recent devel-
opments, among others.

1.2. Existing strategies. For a standard multiple testing problem where the null distri-
bution Py is known, the celebrated Benjamini—-Hochberg (BH) procedure (Benjamini and
Hochberg (1995)) controls the FDR in finite samples uniformly over all alternative distribu-
tions, when the test statistics are independent or satisfy the positive regression dependency
on each one from a subset (PRDS) property; see Benjamini and Hochberg (1995), Benjamini
and Yekutieli (2001). Variants of the BH procedure have been proposed to relax the conser-
vatism when the fraction of true nulls is not close to 1, such as the Storey-BH (Storey, Taylor
and Siegmund (2004)) or Quantile-BH procedure (Benjamini, Krieger and Yekutieli (2006),
Blanchard and Roquain (2009), Sarkar (2008)), and to robustify the FDR control under more
general dependence structures (see Fithian and Lei (2022) and references therein).

Despite this generality, BH-like methods have two major limitations in novelty detection
problems with multivariate measurements:

(1) itis based on p-values or, more generally, univariate scores with a known distribution
under the null, which is typically out of reach for such problems;

(i1) the score function that transforms the multivariate measurements into univariate test
statistics (e.g., the p-value transformation) is pre-specified, while it should be learned from
data for the sake of power.

We now discuss several existing solutions that partially circumvent these limitations. Table 1
provides a summary of the properties of each method, along with the corresponding applica-
ble settings.

A popular solution in the multiple testing literature is the empirical Bayes approach, which
operates on the local FDR instead of the p-values. Assuming a two-group mixture model
(Efron et al. (2001)), the local FDR is defined as the probability of being null conditional
on the observed measurement values. The latter can be estimated by estimating the null and
alternative densities together with the proportion of nulls; see Efron (2004), Efron (2007),
Efron (2008), Efron (2009). Combining local FDRs appropriately controls FDR asymptoti-
cally, under the assumptions that allow the model to be consistently estimated, and achieves
optimal power, as shown in a series of paper by Cai and Sun (2009), Cai, Sun and Wang
(2019), Sun and Cai (2007), Sun and Cai (2009). We refer to this procedure as the SC pro-
cedure hereafter. Despite the appealing optimality guarantees, the model assumptions tend
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TABLE 1
Properties of different methods and the specific settings in which they can be applied for novelty detection

Finite sample Adaptative Learning

Method FDR control score alternative Unknown null
Benjamini and Hochberg (1995) yes no no no

Sun and Cai (2007) no yes yes yes
Weinstein, Barber and Candes (2017)

Mary and Roquain (2022) yes no no yes
Bates et al. (2023) yes yes no yes
Yang et al. (2021) yes yes yes no
AdaDetect (our approach) yes yes yes yes

to be fragile when the dimension d of the test statistics is moderately high. In such cases,
accurate model estimation is hard to come by and the FDR of the SC procedure can thus be
inflated; see our numerical experiments in Section 6 for an illustration.

Another line of research stems from conformal inference. While this technique is designed
for prediction inference (see Angelopoulos and Bates (2021) for a recent review), it can also
be employed in the novelty detection problem. In particular, it can generate conformal p-
values that are super-uniform under the null without any model assumption beyond that the
data are exchangeable (e.g., Balasubramanian, Ho and Vovk (2014), Bates et al. (2023), Vovk,
Gammerman and Shafer (2005)). This approach starts by transforming Z; into a univariate
score S;, called the nonconformity score, that measures the conformity to the data and then
computes an empirical p-value, also known as the conformal p-value, to evaluate the statis-
tical evidence of being a novelty:

n
(1) pj=<n+1>—1<1+211{si zsn+j}).
i=1

Each p-value is marginally super-uniform under the null due to exchangeability and hence
yields a valid test. Nonetheless, since the conformal p-values all use the same null sample,
the above operation induces dependence between the p-values, making it unclear whether
common multiple testing procedures are guaranteed to control FDR. Bates et al. (2023) care-
fully study the dependence structure and show that the split (or inductive) conformal p-values
are PRDS. As a consequence, BH procedure applied on these conformal p-values controls
the FDR. However, the approach limits the construction of the scores to be based solely on
null examples and hence cannot learn the patterns of novelties in the mixed samples, unless
extra labelled novelties are available (Liang, Sesia and Sun (2022)), which are not always
possible. Even when labelled novelties are present, they may behave differently than the ones
in the mixed sample that we aim to detect. For this reason, Bates et al. (2023) apply the one
class classification techniques (e.g., Scholkopf et al. (2001)) that are not adaptive to the nov-
elties. In sum, while the method successfully solves the issue (i), it falls short of adequately
addressing issue (ii). On the other hand, while other versions of conformal p-values, like full
conformal p-values (Vovk, Gammerman and Shafer (2005)) and cross conformal p-values
(Barber et al. (2021), Vovk (2015)), can use test samples and yield marginally valid p-values,
they generally fail to satisfy the PRDS property, making it unclear whether the BH procedure
would control FDR.

A subsequent work by Yang et al. (2021) proposes the Bag Of Null Statistics (BONuS)
procedure for multiple testing problems with high dimensional test statistics, which largely
motivates our method. The BONuS procedure learns a score function of the form S; =
g(Zi,(Z1,...,Z,)) and the method is valid as long as g(Z;,-) is permutation invariant
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thereby allowing the transformation to be adapted to novelties. While the framework is flex-
ible, they focus on the parametric setting where the null distribution is known, like Gaussian
or multinomial, and the measurements are independent. In these cases, they propose using
the estimated local FDR as the score function for which the alternative distribution and null
proportion are learned by an empirical Bayes approach. The BONuS procedure controls the
FDR in finite samples regardless of the quality of the estimates, even if the working model
is completely wrong. However, for novelty detection problems, the local FDR involves un-
known null and alternative densities, which are difficult to fit in high dimensions. Hence,
point (i) mentioned earlier remains partially addressed.

Lastly, we briefly review other related work that study different settings. The ‘“count-
ing knockoffs” procedure introduced by Weinstein, Barber and Candes (2017) is designed
for multiple testing for high-dimensional linear models with random design matrices. Mary
and Roquain (2022) show that it is equivalent to applying the BH procedure to the scores
S1, ..., Sptm and closely related to the BONuS procedure. More recently, Rava et al. (2021)
develop a method that is equivalent to applying the BH procedure on the conformal p-values
to obtain a finite sample control of the false selection rate (FSR) for the task of (supervised)
classification.

1.3. Contributions. In this work we introduce AdaDetect, an extension! of the BONuS
procedure for novelty detection problems. In particular, we show how to leverage flexible
off-the-shelf classification algorithms in machine learning to address both issues (i) and (ii)
without compromising the FDR-controlling guarantees. In a nutshell, AdaDetect operates by
initially splitting the null sample in two parts, (Y1, ..., Yx) and (Yi41, ..., Yy), generating
a membership label A; = —1if Z; € {Yy,..., Y;} and A; = 1 otherwise, and subsequently
calculating a score function using a binary classifier trained on (Z;, Ai)?;rlm and applying the
BH procedure on the empirical p-values. For the example illustrated in Figure 1, Adadetect
would split the null samples (digits ‘4’) into two subsets and train a probabilistic classifier
using both the null and test samples to distinguish the first subset of the null sample and
the mix of the second subset of the null sample and the test sample (digits ‘4’ and ‘9’). The
predicted probability to be in the mixed sample is taken as the score. When the classification
algorithm performs well, the scores tend to be larger for novelties than for nulls, because
novelties are only present in the mixed sample. A comprehensive description of the procedure
can be found in Section 2.4.

We summarize our main results below.

o In Section 3, we revisit the theoretical guarantees in Bates et al. (2023), Mary and Roquain
(2022), Weinstein, Barber and Candes (2017) and provide new FDR bounds based on
an extension of the leave-one-out technique in the multiple testing literature. The bounds
show that AdaDetect, as well as its wp-adaptive variants Storey—AdaDetect and Quantile—
AdaDetect, controls the FDR in finite samples with arbitrary classification algorithms even
if the algorithm performs poorly. This is in sharp contrast to the SC procedure which heav-
ily relies on correct model specification and consistent estimation.

e In addition, we extend the result in Bates et al. (2023) to show that the empirical p-values
are PRDS under a more general exchangeability assumption, even if the score function
depends on both null and test samples. For instance, our condition covers the Gaussian
distributions with equi-correlation (Example 3.1). This PRDS property suggests that the
resulting p-values can be applied in other contexts beyond the FDR control (e.g., Goeman
and Solari (2011)).

'More precisely, we extend the version of BONuS where the score function is fit only in the initial stage; see
the discussion in Section 8 for more details.
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e In Section 4, we show that any score function that is monotone in the ratio between the
average density of novelties and the null density yields the optimal power. In particular,
the optimal classifier to distinguish between the null and mixed samples is efficient despite
that the null training is split and that the mixed sample is contaminated by nulls. The
optimal score function can be obtained by minimizing certain loss function such as the
cross-entropy loss that is commonly used in neural networks (NN hereafter).

e We provide nonasymptotic power analyses for AdaDetect in Section 5. First, we investigate
AdaDetect with the score function given by a constrained empirical risk minimizer (ERM)
of the 0-1 loss and show it approaches the optimal likelihood ratio test in an appropriate
sense. Next, we provide an oracle inequality for general score functions and conditions
under which the procedure mimics its oracle version. We apply the results to analyze power
for AdaDetect procedures based on NN and on nonparametric kernel density estimation.

e We demonstrate the efficiency, flexibility, and robustness of AdaDetect” in Sections 6 and 7
on synthetic, semisynthetic, and real datasets, including the MNIST image dataset and an
astronomy dataset from the ‘Sloan Digital Sky Survey’.

2. Preliminaries.

2.1. Notation. Asin Section 1.1, weletY = (Y, ..., Y,) denote the null training sample
(NTS) with a common marginal distribution Py, X = (X1, ..., X;;) the test sample with X; ~
P(<i<m),Z=Z,....Zn4m)=1,....Y,, X1,..., X;) the full sample, Ho = {1 <
i <m: P; = Py} the set of nulls in the test sample with mq = |Ho|, 7o = mo/m, and H| =
{1,...,m}\ Ho the set of novelties with m| = |H|, w1 = m/m. For notational convenience,
we write n + H for the set {n +1i, i € Ho}. Furthermore, we denote by P the joint distribution
of Z, which belongs to a family of distributions P (model).

Throughout the paper, we consider the semisupervised setting (Mary and Roquain (2022))
where the null distribution Py is unknown and one can access it only through the measure-
ments in the NTS. In practice, the NTS can be obtained from external data, past experiments
or black-box samplers.

2.2. Criteria. A novelty detection procedure is a measurable function R(-) that takes Z
as input and returns a subset of {1, ..., m} corresponding to the indices of detected novelties
within {X1,..., X;,}. Throughout the paper, we will slightly abuse the notation by using
R to refer to both the procedure and the rejection set given by the procedure. Ideally, we
want R(Z) to capture novelties (i.e., alternative hypotheses in 1) and avoid inliers (i.e., null
hypotheses in Hp). Given a procedure R, the false discovery rate (FDR) is defined as the

expectation of the false discovery proportion (FDP) with respect to the distribution P € P:
; 1{i e R
) FDR(P, R)=Ez~p[FDP(P,R)],  FDP(P,R)= Zle?)v—ﬁm}'

Similarly, the true discovery rate (TDR) is defined as the expectation of the true discovery

proportion (TDP):

Yien, Ui € R}
1vmi(P)

Note that m1(P) = 0 implies TDP(P, R) = 0. Our goal is to build a procedure R that controls
the FDR and maximizes the TDR to the fullest extent.

3) TDR(P, R) =Ez~p[TDP(P, R)], TDP(P, R) =

2The code is publicly available at https://github.com/arianemarandon/adadetect.
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2.3. BH algorithm and its mo-adaptive variants. Suppose a set of p-values (p;, 1 <
i <m)is available,A the BH algorithm (Benjamini and Hochberg (1995)) returns R = {i €
{1,...,m}: pi <ak/m}, where « is the target FDR level and

m
(4) k=max{ke{0,....m}: Y 1{p; <ak/m}>ki.

i=1
When the null p-values (p;,i € Hp) are independent, super-uniform, and independent of
alternative p-values (p;,i € H;), the BH procedure is proved to control the FDR at level
amg in finite samples (Benjamini and Hochberg (1995)). The independence assumption can
be further relaxed to the PRDS condition (Benjamini and Yekutieli (2001)).

When 7 is not close to 1, the BH procedure is conservative because amg < mg. When
o is known, it can be applied at level a/mp to close the gap. In practice, mp is usually
unknown though. Nonetheless, there exists estimators 7o of 7o such that the BH procedure
with level /7o continues to control the FDR under independence. Two celebrated estimators
are introduced by Storey, Taylor and Siegmund (2004) and Benjamini, Krieger and Yekutieli
(2006):

ﬁStorey _ 1+ Z;'nzl 1{p; > 1}

5 , A>0;
&) 0 = 1) > or
. ko +1
(6) pQunt S MZROEL ket m),
m(l — p))

where p(k,) is the koth smallest® p-value. These procedures are often called the mo-adaptive
versions of the BH algorithm.

2.4. Our method. In this paper, we propose a method called AdaDetect. It is an adap-
tive novelty detection procedure that extends the existing strategies described in Weinstein,
Barber and Candes (2017), Yang et al. (2021), Mary and Roquain (2022), and Bates et al.
(2023). It starts by splitting the null sample (Y1,...,Y,) in two samples (Y1, ..., Yx) and
(Ye+1,...,Yy) with k£ > 0. To avoid cluttering our notation, we define ¢ as the size of the
second null sample, that is, £ =n — k. It proceeds with the following steps:

1. Compute a data-driven score function of form

(7 8@ =8(z,(Z1,.... Z1), Zi+1, s Znim)), €2,
which satisfies the following invariance property: for any permutation & of {k+1, ..., n+m}
and z,2z1,...,Zn+m € Z, We have

2. Transform the raw data into univariate scores
©) S =8(Zis (Zts- -, Z0), (Zkat oo Zuam))s i €tk + 1, n+m).

Here, we assume that novelties typically have large scores.
3. For each test point X ;, generate the empirical p-value by comparing S; with the scores
in the NTS:

1 " .
(10) Pj=£—1<1+ > IL{S,->Sn+j}), je{l,....m}.
+ i=k+1

3In this paper, a convention is to order the p-values from the smallest to the largest, while the test statistics are
ordered from the largest to the smallest.
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FIG. 2. A schematic illustration of AdaDetect: o/o stands for a test/null observation, respectively. The vertical
dashed line corresponds to the largest threshold t for which FDP(t) < « and the e circled in blue correspond to
the discoveries of AdaDetect procedure.
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4. Apply the BH algorithm to (p1, ..., pn) at the target level .

We will call this procedure AdaDetect, in the sequel to emphasize the target level.
By simple algebra, the last two steps together are equivalent to the “counting knock-
oft” algorithm proposed by Weinstein, Barber and Candes (2017) applied to the scores
Sk+1s---»Sutm. Specifically, the method declares i as a novelty if S; > 7 where 7 is the
threshold defined by min{t € {S; : k + 1 <i <n +m} : FDP(r) < a} for FDP(r) = 25 (1 +

ek LSi =1/ Z?i,’:ﬁrl 1{S; > t}. Therefore, the counting knockoff procedure can be
seen as a shortcut that avoids computing the empirical p-values explicitly. The pipeline for
AdabDetect is illustrated in Figure 2.

AdaDetect offers greater flexibility than existing methods in the types of score functions
that can be employed.

e Prespecified p-value transformations are score functions that do not depend on (Zy, ...,
Zy) and (Zg+1, ..., Znt+m). For example, when Z = R4, the X2 test chooses the nonadap-
tive score g(z) = Z?:l z?, ze R4,

e The one-class classification approach considered by Bates et al. (2023) corresponds to

score functions that only depend on (Z1, ..., Z;), but not (Zg41, -, Zntm)-

e The BONuS procedure (Yang et al. (2021)) considers empirical Bayes-based score func-
tions that depend on the pooled sample {Z1, ..., Z,4+,,} without distinguishing between
the null and mixed samples.

e Our proposed method constructs the score function g(-, (Z1, ..., Zx), (Zk+1, - -+ Zn+m))
as the estimated probability by any probabilistic classifier that distinguishes between
(Z1,....Zx) and (Zg41, - -, Znym); see Section 4 for details.

Lastly, we propose the Storey—AdaDetect and Quantile—-AdaDetect as the 7p-adaptive ver-

sions of AdaDetect applied at level o/ J’fg 'Y and « / J’fOQuam, respectively, in which the p-

values have been replaced by the empirical ones.
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REMARK 2.1. An appealing property of Adadetect and its adaptive versions is that the
rejection is invariant to strictly increasing transformations of score function. This feature
proves useful in the power analysis of AdaDetect; see Section 4.

REMARK 2.2. By construction, the empirical p-values are multiples of 1/(£ 4 1). As
Mary and Roquain (2022) point out, the number of null samples ¢ needs to be larger than
m/(a(1 v M)) in order to guarantee sufficient resolution of the p-values for the BH pro-
cedure, where M > 0 is some high-probability lower bound on the number of rejections.
Typically, if M is of the order of m, a constant £ would suffice, while if M =0 (i.e., without
any prior knowledge on the number of rejections), £ should be larger than m /«. In general
practical situations where n = m, we recommend setting ¢ = m and this choice works rea-
sonably well in our numerical experiments. When m > n, it might be more appropriate to
impose further assumptions on the distribution (e.g., the knowledge of M).

3. FDR control. In this section, we prove that AdaDetect and its wp-adaptive variants
control the FDR. In Section 3.1, we state the key assumption of exchangeability and show
it translates to the scores as long as g satisfies the condition (8). Based on this observation,
we prove in Section 3.2 that the empirical p-values are PRDS, which is a highly nontrivial
extension of the results by Bates et al. (2023). Though the PRDS property implies the FDR
control of AdaDetect as a result of Benjamini and Yekutieli (2001), we present in Section 3.3
an alternative proof based on a new FDR expression that unify and extend the previous FDR
bounds. Lastly, in Section 3.4, we prove the FDR control for Storey—AdaDetect and Quantile—
AdaDetect based on an FDR bound for general wg-adaptive versions of AdaDetect.

3.1. Exchangeability. 'We make the following assumption on the raw measurements
throughout the paper.

ASSUMPTION 1. (Y1,...,Y,, X;,i € Hp) are exchangeable conditional on (Xj,
ie 7-[1).4

Clearly, Assumption 1 holds when the measurements are independent, as assumed by Yang
et al. (2021) and Bates et al. (2023). In general, Assumption 1 allows for dependencies among
the measurements.

EXAMPLE 3.1. Consider the observation where Z; = u; + p'/2& + (1 — p)"/%¢;, 1 <
i <n+ m, with the variables &, &1, ..., &, being i.i.d. ~ N (0, I;), p being a nonnegative
correlation coefficient, and u; =0 fori € {1,...,n} U (n + Ho) (hence Z = R?). Then As-
sumption 1 holds. The case d = 1 corresponds to the Gaussian equi-correlated case, which is
widely studied in the multiple testing literature (e.g., Korn et al. (2004)).

For our results, a necessary assumption is exchangeability of the scores under the null.

ASSUMPTION 2.  (Sk+1,--.,Sn, Suti, 1 € Hp) is exchangeable conditionally on (S;,+;,
i €Hyp).

It turns out the exchangeability of the raw measurements translates to the scores.

4Note that such an assumption implicitly assumes that such a conditional distribution exists, which is always
the case for instance when Z = R or Z is discrete.
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LEMMA 3.2. Under Assumption 1, the adaptive scores defined by (9) satisfy Assump-
tion 2 for any score function that satisfies the condition (8).

This result substantially simplifies the FDR analysis presented in the next section. To avoid
unnecessary mathematical complications, we make the following mild assumption.

ASSUMPTION 3. (Sk+1, ..., Spm) have no ties almost surely.

3.2. The p-values are PRDS. Following Benjamini and Yekutieli (2001), we say a family
of p-values (p;, 1 <i <m) is PRDS on H if, for any i € Ho and nondecreasing5 measurable
set D C [0, 1]™, the function u € [0, 1]+ P((pj, 1 < j <m) € D|p; = u) is nondecreasing.

THEOREM 3.3. For any family of scores (Sk+1, ..., Sn+m) satisfying Assumptions 2
and 3, the empirical p-values defined in (10) are PRDS on Ho and the null p-values are
super-uniform. In particular, under Assumptions 1 and 3, this result holds for the p-values
generated by AdaDetect with a score function satisfying (8).

We present a proof of Theorem 3.3 in Section A.3 of the Supplementary Material
(Marandon et al. (2024)). It extends Theorem 2 in Bates et al. (2023) to dependent scores.
Notably, the AdaDetect scores are dependent in general even if the measurements Z;’s are
independent because the data-adaptive score function depends on the entire dataset.

Theorem 3.3 has interesting consequences. First, the celebrated result for the BH proce-
dure (Benjamini and Yekutieli (2001), Romano and Wolf (2005)) implies that AdaDetect
strongly controls the FDR at level amrg. Second, the PRDS property is also useful for other
purposes, such as post hoc inference (Goeman and Solari (2011)), FDR control with struc-
tural constraints (Loper et al. (2022), Ramdas et al. (2019a)), online FDR control (Fisher
(2021), Zrnic, Ramdas and Jordan (2021)), hierarchical FDR control (Barber and Ramdas
(2017)) and weighted FDR control with prior knowledge (Ramdas et al. (2019b)). Hence,
our result paves the way for developing similar AdaDetect-style procedures in these contexts.

3.3. A new FDR expression. While the PRDS property implies the FDR control for
AdaDetect, we pursue an alternative way based on a new expression for the FDR of the BH
procedure in our setting, which would also yield a lower bound for FDR that is not implied
by the PRDS property.

THEOREM 3.4. Consider any family of scores (Si+1, ..., Sntm) Satisfying Assump-
tions 2 and 3. Let R, denote the rejection set of BH procedure applied to p-values defined in
(10) at level . Then, for any distribution P € P,

L+ DK;
(11) FDR(P, R,) = ZE(LO(( +1) l/mJ)’
ieHp £+ DK;
where K; is a random variable that takes values in {1, ..., m} for any i € Hy. In particular,

under Assumptions 1 and 3, (11) holds with Ry = AdaDetecty, the AdaDetect procedure at
level a.

SAset D C [0, 1]™ is said to be nondecreasing if for any x € D and y € [0, 1]™, we have y € D provided that
y; > x; foralli.
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The proof of Theorem 3.4 is presented in Section A.4 of the Supplementary Material.
It is similar to the classical leave-one-out technique to prove the FDR control for step-up
procedure (e.g., Ferreira and Zwinderman (2006), Giraud (2022), Ramdas et al. (2019b),
Roquain and Villers (2011)), though it is nontrivial to handle empirical p-values. Since for
any x > 0 and integer k, we have |x |k < |xk]| < xk, expression (11) immediately implies
the following bounds.

COROLLARY 3.5. Under Assumptions 1 and 3, the following holds, for any values of
k,¢,m > 1 and any parameter P € P:

(12) mola(€+1)/m|/(€+ 1) < FDR(P, AdaDetecty) < amq/m.

In particular, FDR(P, AdaDetect,) = amg when a(£ 4+ 1)/m is an integer.

Corollary 3.5 recovers Theorem 3.1 in Mary and Roquain (2022) which imposes a slightly
more restrictive condition than Assumption 2. Their proofs are based on martingale tech-
niques and the proof for the lower bound is particularly involved. Here, we rely instead on
the exact expression (11), which is arguably simpler and more comprehensible.

3.4. New FDR bounds for mo-adaptive procedures. For each i € Hg, let D; be the distri-
bution of (p;., 1 < j <m), where

p;=0,jeHy, pi=1/+1);
(13) p;-, Jj € Ho\{i} are i.i.d. conditionally on U with a common c.d.f. FY;
U=(U,...,Ups1)hasiid. U(0, 1) components,

where FU denotes the discrete c.d.f. FY(x) = (1 — Uxe+n)+)I{1/+1) <x <1} +
I{x > 1}, x € R, and U(y) > --- > Ue41) denote the order statistics of the vector U. Note
that the distribution D; only depends on i, m, £ and Hg. The following general result holds.

THEOREM 3.6. In the setting of Theorem 3.4, denote p = (p;, 1 <i <m) the family of
empirical p-values defined in (10) and consider any function G : [0, 17" — (0, 00) that is
coordinatewise nondecreasing. Then the procedure, denoted by Ry )G (p), combining the BH
algorithm at level am /G (p) with these empirical p-values is such that, for any parameter
PeP,

1
(14) FDR(P. Runsc() <o 3 By, (s ),
i€Ho p
where D; is defined by (13). In particular, this FDR expression holds for Rym/G(p) =
AdaDetectym G (p) under Assumptions 1 and 3.

Theorem 3.6 is proved in Section A.5 of the Supplementary Material. In a nutshell, the
distribution D; is a least favorable distribution for the FDR of the adaptive BH procedure
applied to empirical p-values defined in (10). It can be seen as an adaptation of the classical
leave-one-out technique for adaptive BH procedures; see Benjamini, Krieger and Yekutieli
(2006) and Theorem 11 of Blanchard and Roquain (2009).

This result generalizes Theorem 6 of Bates et al. (2023) which only works for the Storey-
BH procedure. Our proof technique is fundamentally different and works for a broad class of
estimators of 7o. Applying Theorem 3.6 to the estimators defined in (5) and (6), we obtain
the following result.
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FI1G. 3. FDR and TDR for Storey-BH and Storey—AdaDetect (both with oracle test statistics/scores) in Exam-
ple 3.1 with varying correlation p € [0, 1]. The dimension d = 1 in the two left panels and d = 10 in the two right
panels. In all settings, m =100, n = £ = 1000, « = 0.2, 7y = 0.9, and » = 500/1001.

COROLLARY 3.7. Under Assumptions 1 and 3, the following hold:

e Storey—AdaDetect controls the FDR at level o forany A=K /(€ + 1) and K € {2,...,¢}.
e Quantile-AdaDetect controls the FDR at level « for any kg € {1, ..., m}.

The proof of Corollary 3.7 is presented in Section A.6 of the Supplementary Material. It
bounds the RHS of (14) via combinatoric arguments. The result for Quantile—AdaDetect is
novel. The result for Storey—AdaDetect was proved in Yang et al. (2021) for BONuS, with
a different proof technique, in the special case where the scores are independent. Hence, we
extend it to the exchangeable case.

To illustrate the robustness of wp-adaptive AdaDetect under dependence, consider Exam-
ple 3.1 with common alternative means u; = u € R? and a fixed score function S; = u” Z;,
1 <i <n+ m. One alternative approach to Storey—AdaDetect is to apply the Storey-BH
procedure on the marginal p-values p; = ®(S,,i/llill), 1 <i < m. Interestingly, Figure 3
shows that the Storey-BH procedure inflates the FDR substantially in the presence of high
correlation while Storey—AdaDetect with kK = 0 controls the FDR for any correlation p (as
implied by Corollary 3.7). Hence, while Storey—AdaDetect is only based on an NTS without
the knowledge of the true null distribution, it is more robust to dependence than Storey-
BH that requires more information. Furthermore, Storey—AdaDetect is more powerful than
Storey-BH because the effect of the common variable £ is cancelled out in the calculation of
empirical p-values.

REMARK 3.8. Assumptions 2 and 3 hold true in other contexts. For example, this is the
case for LASSO-based scores in the Gaussian linear model where the design matrix has i.i.d.
entries with a known distribution (Weinstein, Barber and Candes (2017)). Hence, the FDR
bounds we developed also hold in those cases.

4. Constructing score functions. While any score function satisfying (8) can be used
in AdaDetect, we discuss principles and various techniques to construct score functions that
yield high power. Section 4.1 introduces the assumptions and notation. In Section 4.2, we
show that the optimal score function is given by any monotone function of the ratio between
the average density of novelties and the average density of all points. We proceed by dis-
cussing two methods to approach the optimal score based on direct density estimation (Sec-
tion 4.3) and classification (Section 4.4). The latter is more scalable and flexible in the sense
that it is able to wrap around any probabilistic classification algorithms. In Section 4.5, we
discuss a cross-validation approach for hyper-parameter tuning and model selection without
compromising the finite-sample FDR control.
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4.1. Assumptions and notation. In this section, we make the following two assumptions.
ASSUMPTION 4. Yi,...,Y,, X1,..., X, are mutually independent.

Given the setting of Section 1.1, we thus have under Assumption 4 that (Y1, ..., Yy, X;,i €
Hop) are i.i.d. ~ Py and independent of (X;, i € 1) which are mutually independent.

ASSUMPTION 5. Foreachi € {0} UH, P; has a positive density f; w.r.t. a measure v.

Let
(15) f=mfo+mifi,
(16) fi=m' Y f

ieH

Under Assumptions 4 and 5, fp is the average density of (Z1, ..., Z), fl is the average
alternative density, f is the average density of the test sample (X1, ..., X;,). Similarly the
average density of (Zy41,..., Zyym) is f, where
am = - ot v fim ot f
Compared to f, the mixture f, is contaminated by more nulls, that is, mgp <1 —y = EZ;";,IO.

Lastly, we define the density ratio

_ mAK)
(13) r(x) = o)

Note that (x) € (0, 1) for v-almost every x € Z by Assumption 5.

xeZ.

4.2. Optimal score function. Recall that AdaDetect is equivalent to applying the count-
ing knockoff on the scores which relies on an estimator FDP (Section 2.4). For each
given t, when ¢ and m is large, FDP(1) ~ mPg.~p,(Si > t)/E[|R(®)|] = E[|R(t) N {k +
1,...,n}|1/E[|R(#)]], where R(¢) is set of rejections at threshold ¢. The RHS is called the
marginal FDR (mFDR), an error metric that is close to FDR when |R(#)| is large and often
used for asymptotic power analysis of FDR-controlling procedures (e.g., Lei and Fithian
(2018), Sun and Cai (2007)). The following theorem derives the optimal score function
among all procedures that reject hypotheses with S; above some thresholds subject to mFDR
control (see Rosset et al. (2022), Weinstein (2021) for results for FDR instead of mFDR).

THEOREM 4.1. Assume Assumptions 4 and 5 hold. The likelihood ratio function r(-)
defined in (18) is an optimal score function in the sense that the rejection set R = {i €
{1,...,m}:r(X;) > c(a)}, where c(x) € (0, 1) is chosen such that mFDR(R) = « (assuming
it exists), has a higher TPR than any rejection set R’ = {i € {1,...,m}:r'(X;) > ¢’} where
¢ eRandr': Z +— R is measurable with mFDR at most a.

The proof can be found in Section B.1 of the Supplementary Material. Theorem 4.1 sug-
gests the following oracle procedure.

DEFINITION 4.2. The oracle AdaDetect procedure, denoted by AdaDetect*, is defined
as the AdaDetect procedure with the score function () defined in (18).
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Since AdaDetect is invariant under any strictly monotone transformation of the score func-
tion (see Remark 2.1), AdaDetect® can be realized as any AdaDetect procedure with a score
function of the form

(19) g* = W or, for some increasing continuous W : (0, 1) — R,

where W could depend on unknown parameters. This is a crucial property of AdaDetect that
enables flexible classification methods to construct score functions without concerning about
the composition of nulls and novelties that may change the oracle score r.

Since r (or g*) is unknown, the oracle procedure AdaDetect™ is not directly accessible in
practice. Our goal is to learn a g* in the form of (7) that satisfies the constraint (8).

4.3. Density estimation. A first example of score function is built from density estima-
tion. From (15) and (17), the following score:

(20) g ) = f,(0)/fox) =1 —y/m + oy /m) (1 —r(x))”"

is indeed of the form (19). A straightforward approach is to directly estimate the densities as
follows:

e Estimate fy by a density estimator ﬁ) based on the sample (Zy, ..., Z)

e Estimate f), by a density estimator fy based on the mixed sample (Zx41, ..., Zy+m) Viaa
mixture estimation approach.

e Estimate g*(x) by (x) = f, (x)/ fo(x) assuming that fo(Z;) > 0.

Above, the density estimators can be either parametric or nonparametric. Both versions will
be considered in the sequel (see Section 4.3 and the numerical experiments in Section 6).
Note that Yang et al. (2021) applies this approach when fj is known.

4.4. PU classification. While density estimation is straightforward, it is not scalable
when the dimension d is large; see the numerical experiments in Section 6 for an illustra-
tion. In this section, we consider a different strategy that estimate density ratios through
probabilistic classification (e.g., Friedman (2003), Lei et al. (2021), Sugiyama, Suzuki and
Kanamori (2012), Wang, Kaji and Rockova (2022)).

Define (Z1, ..., Z;) as the “positive sample” and the sample (Zy41, ..., Zy4m) as the “un-
labeled sample”, and let (Aq, ..., Ax) = (—1,...,—1) and (Ak+1,..., Apym) = (1,..., 1)
the corresponding labels. In this context, the classification task is typically referred to as the
PU (positive unlabeled) classification, which is an active research area; see Calvo, Larranaga
and Lozano (2007), Du Plessis, Niu and Sugiyama (2014), Guo et al. (2020), Ivanov (2020)
among others and Bekker and Davis (2020) for a recent review. Here, we are considering
a slightly different setting where the unlabeled samples are independent but not identically
distributed.

Usually, the classifier is learned by empirical risk minimization (ERM) where the ob-
jective function is in the form of J,(g) = f’ilm A l(Ai, g(Zy)) = Zf:l 0—1,g(Z)) +
A Z?;L,:”H (1, g(Z;)),where £ : {—1, +1} x R — R, is aloss function and A, = Al{a > 0} +
1{a < 0} with A > 0 measuring the relative cost misclassifying a positive sample to misclas-
sifying an unlabeled sample. Here, g is a function that belongs to G, a class of measurable
functions from Z to R and the classifier corresponds to the sign of g. Typical choices of
the loss function include the hinge loss £(a, u) = 0.5(1 — au) and the cross entropy loss
l(a,u) = —log(l —u)l{a = —1} — log(u)1{a = +1}. The population objective function is
given by

2D 1.(8) =EJ,(8) =kBz~ 1, £(—1,8(Z)) + A +m)Ez~ 1, £(1, 8(2)),
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where f, is defined in (17). The following result shows that the minimizer of (21) over all
measurable functions yields an optimal score in the form of (19) when the loss function £ is
appropriately chosen.

LEMMA 4.3.  Let g* denote the minimizer of (21) over all measurable functions.

(i) When L(-,-) is the hinge loss, assuming that the set {x € Z : f,,(x) = cfo(x)} is of
v-measure zero for any ¢ > 0, where v is defined in Assumption 5,

. Al +m) f,(x) . M Amg 1
i — 4 _ — (1 — —
g (x) = s1gn( PR 1) = s1gn( p + P (1—-rx)) 1),

and the minimum is unique v-almost everywhere.
(ii)) When £(-, ) is the cross entropy,

AL+ m) f (x) A amg R N
f _ 4 — AT T
g(x)‘x<e+m>fy<x)+kfo<x>‘(H{k+ g 1) } ) :

and the minimum is unique v-almost everywhere.

The proof is presented in Section B.2 of the Supplementary Material. Clearly, g° is an
optimal score function in the form of (19) with the cross-entropy loss but not so with the
hinge loss because the sign function is not strictly monotone. For cross-entropy loss, when
A=1,

{+m
fy(x)
(22) f(x) = L :
ST

which can be roughly interpreted as the posterior probability to be in class 1.

In practice, it is computationally infeasible and statistically inefficient to optimize over
all measurable functions. Instead, we often choose a function class G and estimate the score
function by

(23) ¢ € argmin ﬁ(g).
8€g
By construction, ﬁ(g) is invariant to permutations of (Zxy1, ..., Zy+m), & always satisfies

the condition (8). When G has low complexity, we should expect g ~ gé where

(24) gé € argmin J; (g).
g€y

On the other hand, when G is sufficiently rich, we can expect gé ~ g". In summary, when the

function class G and the loss function £(-, -) are chosen appropriately, g ~ gé ~ g% which is
an optimal score function.

We illustrate the roles of function classes and loss functions in a simple setting where
the positive class and the unlabeled class are generated from two gaussian distributions with
dimension 1 or 2. The results are presented in Figure 4, with each row corresponding to
a data-generating process. For all settings, the first panel displays the null and alternative
distributions and the second panel displays the distributions of the positive and unlabeled
classes. In all settings, we plot g and g* for hinged loss (SVM) and cross-entropy losses with
two function classes, an inaccurate one (Logistic Regression) and an accurate one (Neural
Networks). In the two-dimensional settings, we display the functions by contour plots. For
instance, for the cross entropy loss, we can observe the NN function class outperforms the
logistic function class for approximating g*.
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FIG. 4. Plot of g* and gIj in different settings (rows) with different loss functions £(-, -) and function classes G
(with default parameters in scikit-learn). In all settings, m = 1000, mqy = 500, m1 = 500, n = 3000, and
k =2000. The top two rows correspond to d = 1 and the bottom two rows correspond to d = 2. In all cases,
Py = N0, 1;). For the first and third rows, P{ = N((2, ...,2), 1;) (one-sided alternatives); for the second and
Sfourth rows, P| =0.5N((2,...,2),I7) + 0.5N((=2,...,=2), 1) (two-sided alternatives).

In conclusion, both the loss function £(-, -) and the function class G are pivotal. Among
the two loss functions we discuss, the cross entropy loss with a sufficiently rich function
class (e.g., fully-connected neural networks) is particularly suitable for AdaDetect in that
it is computationally feasible and approximately optimal. In contrast to the classification

literature, hinged loss is undesirable for our purpose since the estimator does not converge to
an optimal score.

4.5. AdaDetect with cross-validation. In previous sections, we focus on a single score
function. Nevertheless, most density estimation and classification algorithms involve hyper-
parameters that require data-driven tuning to maximize the power. Examples include the
bandwidth for kernel density estimation, the maximum depth for random forests, the width
and number of hidden layers for neural networks, and the numerical algorithm to optimize
the loss.

Formally, we assume the researcher has a class of candidate score functions {g,, v € U}
indexed by the hyper-parameter v. The goal is to choose U based on data and use g; as
the score function without breaking the FDR guarantee. By Theorem 3.4, the FDR is con-
trolled so long as g; satisfies the condition (8). Motivated by the “double BONuS” procedure
proposed in Yang et al. (2021), we propose the following version of AdaDetect with cross-
validation, which we abbreviate as the AdaDetect cv procedure.

1. Split (Yq, ..., Yx) further into two parts (Y, ..., ¥y) and (Y541, ..., Yx) forsome s < k.
2. Generate a class of score functions g,, that satisfy a stronger condition than (8):

gU(Z1 (Z19 L) ZS)1 (Zn(s+1), e Zn(n—i—m))) = g(Z’ (Z17 cees ZS)’ (ZS+1’ cees Zn+m))~
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FIG. 5. The pipeline to compute score function g;, for AdaDetect cv. Same pictural conventions as in Figure 2.

3. For each g,, apply AdaDetect with (Yz41, ..., Y,, X1, ..., Xin) being the test sample
and (Y1,...,Yr) = (Y1,...,Ys; Ysi1, ..., Yi) being the NTS. Denote by r,, the number of
rejections.

4. Choose U € argmax,, g 'y.

5. Apply AdaDetect with score function g; to the original problem (with (X1, ..., X;,)
being the test sample and (Yy,...,Y,) = (Y1,..., Yi; Yit1, ..., ¥y) being the NTS).

The pipeline to compute g;, is illustrated in Figure 5. By definition, each g,, is invariant to
permutation of (Ys41,..., Yy, X1, ..., X;») and hence invariant to permutation of the mixed
sample (Yg41,..., Yn, X1, ..., X;»). Thus, ry, is also invariant to (Y41, ..., Y, X1, .5 Xm),
implying that O is so as well. As a result, g; satisfies the condition (8). Therefore, the results
in Section 3 all carry over to the AdaDetect cv procedure.

In principle, we can use any other objective function that is invariant to the mixed sample
than the number of rejections r,,. Nonetheless, r,, tends to be a good proxy for the number of
rejections in the last step and hence a better objective to optimize than the indirect ones like
classification accuracy.

REMARK 4.4. When fitting the hyper-parameter v, the sample sizes s,k —s,¢ +m, £
do not maintain the same proportions as the original sizes k, £, m. Our recommendation,
following the guidelines in Remark 2.2, is to choose s such that k — s is of the same order as
£ + m and s is of the same order as m (e.g., { =m, s =3m, k = 4m).

REMARK 4.5. The cross-validation can rule out overfitted models that performs well in
training data but does poorly out of sample. By including nonsophisticated baseline models
that likely generalize, the power of AdaDetect becomes less sensitive to overfitting of other
complicated models or other failure modes that we have yet discovered. For example, the
researcher can always add a nonadaptive score that cannot incur overfitting and might be
underpowered.

5. Power results. In this section, we analyze the power of AdaDetect with appropriately
chosen score functions. Throughout this section, we assume that the measurements take val-
ues in Z = R?. We start in Section 5.1 with a specific score function given by a constrained
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empirical risk minimizer (ERM) with the 0-1 loss and show it is as powerful as the classifi-
cation approach based on the optimal score functions defined in (19) when the function class
is sufficiently flexible and up to asymptotically vanishing remainder terms. In Section 5.2,
we turn to a general estimated score function that is close to an oracle (deterministic) score
function on all measurements in the mixed sample. When the latter is sufficiently smooth, we
show that AdaDetect with the estimated score function is as efficient as AdaDetect with the
oracle score function, up to explicit remainder terms that are asymptotically vanishing.

5.1. A constrained ERM score function. For the convenience of theoretical analysis, we
study a constrained empirical risk minimizer (ERM) score function with 0-1 loss motivated
by the Neyman—Pearson (NP) formulation of classification problems given in Blanchard, Lee
and Scott (2010); see also Cannon et al. (2002) and Scott and Nowak (2005). Define

k
Ro(e) =k'Y 1{g(Z) =0},  Ro(g) =ERo(g) =Pz~ (g(2) = 0),
i=1
n+m

25) Ry@=m+07" Y 1{g(z) <0},
i=k+1

Ry(8) =ERy, () = (1—y)(1 = Ro(®)) + ¥ R1(),
Ri(g) =P, ;(3(2) <0),
where y, fo, and f] are defined in (17). We consider a function class G with a finite Vapnik—

Chervonenkis (VC) dimension V(G) (Vapnik (1998)) and the following constrained ERM
score function:

(26) éeargn;in{&(g) : Ro(g) < B + €0},
ge

for some €y > 0, as well as its population version
27) 8G € argmin{Ry (¢): Ro(g) = B}.
ge

THEOREM 5.1. Consider the setting of Theorem 4.1. Assume o, B € (0,1), k,m; > 1,

and gé, defined in (27), satisfies Ro (gg») = B. Fix any § € (0, 1/2). Then there exist constants
C, C' > 0 that only depend on § such that, if

V@ +log1/d) \/ V(G) + log(1/8)

k kAt ’
where y is defined in (17), the following results hold:

(28) € = C\/

(i) With probability at least 1 — 8, Ro(g) < B+ A and R1(g) < Rl(gé) + A.
(i) Let M =[(1 — Rl(gg) — A)my]. Assume that

2m 0.4aM
29 1-Ri(g2) =14+ A, >, < .
@) (G z(raha, ez g0
Then, with probability at least 1 — 6,
(30) AdaDetecty, D {i € {1,...,m}: §(X;) >0},
31) |AdaDetect, N H1|/m1 = 1 — Ri(g5) — A,

where AdaDetect, denotes the rejection set of AdaDetect with score function g.
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The proof of Theorem 5.1 is presented in Section C.1 of the Supplementary Material.
The idea is to show that there are many alternatives with a nonnegative score, while there
are only a few true nulls with nonnegative scores. This yields small empirical p-values for
hypotheses with nonnegative scores, which implies that the procedure AdaDetect, detects
these nonnegative scores; see Lemma D.5 of the Supplementary Material.

Theorem 5.1(i) shows that ¢ has a similar classification accuracy to gé on both the NTS
and mixed sample. It is analogous to Theorem 2 in Blanchard, Lee and Scott (2010), though
Blanchard, Lee and Scott (2010) considers a different setting where the proportion of nulls is
random. Theorem 5.1(ii) entails that, with high probability, all hypotheses with nonnegative
scores will be rejected and the power of AdaDetect with g is nearly as large as the power of
the classification procedure given by gé.

Note that the Lagrangian form of the above problem is in the form of the weighted loss
defined in (21). Thus, by Lemma 4.3(i), there exists Ag > 0 such that gg(x) =g*(x) =

w % — 1, if the constraint is feasible and G is sufficiently rich to include the above

function. Above, g*(x) satisfies (19) and hence yields the optimal power. If we define
b= Rl(gé) — R1(g™*) as the bias due to the constraint, Theorem 5.1(ii) implies that, with
probability 1 — §, the power of AdaDetect with g is at most A + b below the optimal power.
Thus, the function class G incurs a tradeoff that a richer class yields a smaller b but a larger
A and vice versa.

Here, we aim at making G as flexible as possible while ensuring A = o(1). When £, ¢, and

m are of the same order and § is a constant, A < m1 V(g . Hence, A =o(1) if

(32) m >>,/Lg).
m m

For illustration, consider the class Gy 1 s of ReLU feed forward neural networks with fixed
topology, maximum width N < m¢ (c € (0, 1)), depth L < logm and sparsity s < N logm.
Bartlett et al. (2019) show that V(Gy 1.s) <2sLlog(4eN) < m€(log m)3. Hence, condition
(32) reads in this case m/m > m% (log m)3/%. This implies that A = o(1) unless the nov-
elties are too sparse. On the other hand given the approximation ability of class of neural

networks, we should expect 1 — R} (ggN )~ 1— Ry(g"*). Thus, Theorem 5.1(ii) implies the
resulting score function is nearly optlmal

REMARK 5.2 (Choice of 8). Since AdaDetect, controls FDR at level «, it is necessary
to impose an upper bound on 8 in Theorem 5.1(ii). Roughly speaking, our condition on 8
guarantees that the classifier gé controls the FDR at level «, up to remainder terms.

REMARK 5.3. The condition on £ in (29) is needed to ensure that the minimum value
1/(1 + £) that p-values can take is sufficiently small so that the BH procedure can reject. A
similar condition was introduced in Mary and Roquain (2022); see also Remark 2.2.

5.2. General score functions. Now we move to general score functions. Let g* be any
measurable function RY — R in the form of (19) and
(33)  Go(s) =Px~p(g"(X) =s), seR;

Go(Gy' () —21) — u}
u

G4  LO)=  max {

uela(rvl)/m,a]

, n>0,re{0,...,m}.
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Here, ¢, (-) measures the local fluctuation of G. We suppress the dependence on « and m to
ease notation. Furthermore, consider any data-driven score function g satisfying the condition
(8) and let

(35) ﬁ: maX |§(Zla(zl""azk)’ (Zk+17"',Zn+m))_g*(Zl)
k+1<i<n+m

’

which measures the maximal discrepancy of scores in the mixed sample. In the following,
AdaDetect, denotes the procedure with score function g and AdaDetect}, denotes the proce-
dure with score function g*.

THEOREM 5.4. Fix any re {0, ...,m} and let R = {|AdaDetect},| > r}. Assume m > 1,
Lk>0,n=k+£€>1, and Go (33) is continuous and strictly decreasing. Under Assump-
tions 4 and 5, for any &, n € (0, 1) such that (£ + 1)da(r v 1)/m > 2,

(36) P(R N {AdaDetect), C AdaDetecty }°) <P > n) + 2me_(3/28)(e+1)52“(’”)/’",

where o' = a(1 +38)(1 + ¢ (n)) and &, (-) and 1) are defined in (34) and (35), respectively.
Furthermore, (36) is also true with AdaDetect, replaced by BH},, the BH algorithm applied
to the oracle p-values p} = Go(g*(X;)), 1 <i <m.

The proof is presented in Section C.2 of the Supplementary Material. The condition (£ 4
1)da(r v 1)/m > 2 is analogous to the one studied (Mary and Roquain (2022)) for fixed score
functions. When we choose » = 0, we have P(R) = 1 and thus (36) implies

P(AdaDetect’ C AdaDetecty) > 1 — P(i) > ) — 2me~ /28 C+DFa/m

for any 6 with (¢ + 1)da/m > 2. If £/m >> logm, choosing § = o(1) such that (£ +
1)8%a/m >> logm and 5 such that P(7 > n) = o(l), we have P(AdaDetect}, C
AdaDetecty’) = 1 — o(1), where o' = a(1 + ¢o(n))(1 + o(1)). Thus, when ¢y(n) is small,
we show that AdaDetect with the estimated score function and slight inflation of the target
level is strictly more powerful than its oracle version.

In general, when |AdaDetect],| is larger with high probability, we can choose a larger r
to relax the condition on §, reduces ¢,(n) (and hence «’), and improve the RHS of (36). In
particular, we can set r appropriately to obtain the following result on the asymptotic TDR.

COROLLARY 5.5. Consider the setting of Theorem 5.4. Fix any € > 0. Assume m1 > 1
and (£ + 1)da[mie]/m > 2. Then
TDR(AdaDetect,’) >TDR (AdaDetect,)
(37)

—(3/28)(¢t+1)82%amie]/m

— P > n) —2me — €,

where o' = a(1438)(1+¢rm,e1 (). In particular, if there exist sequences § = §(k, £, m,my),
e=¢€k,l,m,my), and n=n(k, £, m, my) such that, as £, m, m tend to infinity,

(38) §,e =0, E(Szeml/m — 00, P(1] > n) — 0 and &pm,e1(n) — 0,
then

(39) leim inf{TDR(AdaDetectz) — TDR(AdaDetect},)} > 0,  for any fixed & > a.

1,1

Furthermore, these results hold with AdaDetect}, replaced by BH}, defined in Theorem 5.4.
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TABLE 2
Summary of datasets

Shuttle Credit card KDDCup99 Mammography Musk MNIST
Dimension d 9 30 40 6 166 28 x 28
Feature type Real Real Real, categorical Real Real Real
Inliers 45586 284315 47913 10923 5581 5842
Novelties 3511 492 200 260 1017 5949

The proof is presented in Section C.3 of the Supplementary Material. Corollary 5.5 shows
that AdaDetect is nearly as powerful as the oracle version, as well as the BH procedure with
the optimal score.

Now we discuss the choice of 1. Note that , is a parameter that only shows up in the bound
but not in the algorithm. It incurs a tradeoff that a larger n would improve the tail bound by
decreasing P(7) > n) but inflate &’ through increasing ¢, (n). Ideally, we would want 1 so that
P( > n) and ¢,(n) are both negligible. For illustration, assume

(40) P > (n+m)™*) =o(1),

for some « € (0, 1/2) and ¢, (n) < n/y, where y is defined in (17). In this case, P(7) > 1) and
Zr(n) are both o(1) if (m+m)™ =o(y) = o(my/(m+£)). Again, this would hold unless the
novelties are too sparse.

We show in Lemma E.4 of the Supplementary Material that the score function given by
density estimation satisfies (40) under regularity conditions. Another example is given by
Theorem 3.2 in Audibert and Tsybakov (2007) in the case where g* is the posterior prob-
ability under a different setting; see Section E.3 of the Supplementary Material). For ¢-(n),
we provide bounds in Section E.1 of the Supplementary Material for two examples. In the
Gaussian example, we show that ¢.(n) < n/y, where y is defined in (17).

REMARK 5.6. Theorem 3 in Yang et al. (2021) provides another asymptotic power anal-
ysis showing that the symmetric difference between the rejection set for the data-driven score
function and its oracle version has a size op(m). Unlike Theorem 5.4 and Corollary 5.5, it
does not have implications when the oracle procedure can only reject op (m) hypotheses, as
in the case where m/m = o(1).

6. Experiments. In this section, we examine the performance of AdaDetect on real data
(experiments on simulated data are postponed to Section F.4 of the Supplementary Material).
Each dataset contains measurements that are labeled as either typical or novelty. We summa-
rize the datasets in Table 2 and provide further details in Section F.1 of the Supplementary
Material.

We apply AdaDetect with various score functions, including the density estimation-
based score (AdaDetect parametric and AdaDetect KDE), the PU classification-
based score (AdaDetect SVM, AdaDetect RF, AdaDetect NN, and AdaDetect
NN cv). We also include the conformal novelty detection procedures proposed by Bates
et al. (2023) (CAD SVM and CAD IForest). Note that both CAD SVM and CAD IFor-
est are instances of AdaDetect with one-class classification-based scores. For all our exper-
iments, we use the Python package scikit-learn for Expectation Maximization (EM)
algorithm, kernel density estimation, random forests, and neural networks, with the default
hyper-parameters from the packages unless otherwise specified (a full description of these
methods is provided in Section F.2 of the Supplementary Material). For the MNIST dataset,
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we consider two more methods based on a convolutional neural network (CNN), with two
convolution layers and one fully connected layer. The first method CAD SVDD CNN is the
conformal novelty detection procedure of Bates et al. (2023) with a special one-class classi-
fier, given by the Support Vector Data Description (SVDD) method introduced in Ruff et al.
(2018) used with a family of functions given by the CNN. The second method is AdaDetect
with the two-class classifier based on the CNN, denoted by AdaDetect CNN.

We construct test samples and null training samples by subsampling the dataset with
n = 5000, m = 1000, and a fixed null proportion wg = mqg/m = 0.9. For AdaDetect, we
choose k =4m, £ = m, s = 3m for cross-validation, and the target level « = 0.1. The FDR
and TDR for the methods are evaluated by using 100 runs and the results are reported in Ta-
ble 3. As expected, all methods control the FDR. Compared to Bates et al. (2023), AdaDetect
with classification-based scores substantially boosts the power because it incorporates the
novelties in learning the score function. Overall, the best performing method is AdaDetect
RF, with AdaDetect NN (possibly cross-validated) coming in second. AdaDetect CNN
is particularly efficient on the classical MNIST dataset, which is unsurprising because CNN-
type classifiers are appropriate for such an image dataset (Goodfellow, Bengio and Courville
(2016)). We however note that the one-class classifier based upon CNN behaves poorly, which
shows that two-class classification is the key for the power boost instead of the better repre-
sentation given by CNN. In addition, further comparisons are made in Section F.3 of the
Supplementary Material for other values of n, m, m| in more challenging regimes and the
conclusions are qualitatively similar.

To conclude, if a classification method is expected to distinguish between typical and
anomalous measurements, combining it with AdaDetect is expected to achieve high power
without threatening FDR control.

7. An astronomy application. In this section, we apply AdaDetect to detect variable
stars using the Sloan Digital Sky Survey (Ivezié et al. (2005)), a large labeled dataset with
92, 658 nonvariable (null) and 483 variable (novelties) stars. Each star is encoded as a 4-
dimensional vector containing the star’s flux in specific bands (colors) of the visible light.
This dataset is particularly appealing for demonstrating our method. First, the two classes
occupy similar regions in the considered color space, with slight overlap leading to complex
decision boundaries. Second, the large number of nonvariable stars allows us to vary the size
of the NTS in a large range in the Monte Carlo simulations. Third, this dataset has been ex-
tensively studied by astronomers and has become a standard for benchmarking classification
methods (see Chapter 9 of Ivezié et al. (2019)). Lastly, we can compute the achieved FDR
and TDR for any novelty detection method based on the labeled data.

For each experiment, we sample n nonvariable stars as the NTS along with m variable
stars and mg = m — m additional nonvariable stars as the test sample. We set m = 100 and
vary n and m across experiments. We apply AdaDetect with Kernel Density Estimation
(KDE), Random Forest (RF), and Neural Networks (NN). For comparison, we also include
two Empirical BH procedures (Mary and Roquain (2022)), which are special cases of AdaDe-
tect with nonadaptive scores as the squared £, norm of the demeaned vectors, where the mean
is calculated on all nulls outside of the NTS (“Emp BH full”’) and on the NTS (“Emp BH cur-
rent”), respectively. The “Emp BH current” method is closer to the current practice, though it
is not granted to control the FDR since the score function does not satisfy (8). In addition, we
apply the Empirical BH procedure without demeaning the data as well as the SC procedure
with estimated local FDR. Neither detects any novelties so we will not report them.

Figure 6 presents the results for m; = 50 and varying n with target FDR level o = 0.05.
The FDR and TDR are calculated based on 100 Monte Carlo simulations. To aid visualiza-
tion, we represents the uncertainty by a shaded area whose width is equal to the standard
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TABLE 3
FDR (top) and TDR (bottom) of AdaDetect with different score functions on real datasets. The target FDR level
is o = 0.1. We report the mean value and the standard deviation (in brackets) over 100 runs. The two
best-performing methods are highlighted in bold

Shuttle Creditcard KDDCup99 Mammography Musk MNIST
FDR
CAD SVM 0.04 (0.08)  0.00 (0.00) 0.00 (0.000) 0.05(0.10) 0.00 (0.00)  0.00 (0.00)
CAD IForest 0.10 (0.07)  0.09 (0.06)  0.08 (0.07) 0.05 (0.09) 0.00 (0.00)  0.00 (0.00)
AdaDetect parametric ~ 0.01 (0.05) 0.00 (0.00)  0.00 (0.00) 0.00 (0.00) 0.00 (0.00)  0.00 (0.00)
AdaDetect KDE 0.07 (0.07)  0.05(0.08)  0.02 (0.06) 0.08 (0.07) 0.02 (0.08)  0.00 (0.00)
AdaDetect SVM 0.08 (0.04) 0.07 (0.05)  0.07 (0.05) 0.07 (0.06) 0.08 (0.06) 0.02 (0.03)
AdaDetect RF 0.08 (0.04) 0.09 (0.04)  0.08 (0.04) 0.04 (0.10) 0.03 (0.06) 0.03 (0.07)
AdaDetect NN 0.07 (0.05) 0.09 (0.04)  0.06 (0.07) 0.09 (0.06) 0.06 (0.09) 0.06 (0.08)
AdaDetect cv NN 0.08 (0.04) 0.09 (0.05) 0.08 (0.11) 0.08 (0.05) 0.06 (0.08) 0.01 (0.03)
CAD SVDD + CNN - - - - - 0.03 (0.14)
AdaDetect CNN - - - - - 0.09 (0.05)
TDR
CAD SVM 0.10 (0.18)  0.00 (0.00)  0.00 (0.00) 0.03 (0.06) 0.00 (0.00)  0.00 (0.00)
CAD IForest 0.45(0.09) 0.39(0.22) 0.56 (0.35) 0.05 (0.09) 0.00 (0.00)  0.00 (0.00)
AdaDetect parametric ~ 0.02 (0.07)  0.00 (0.00)  0.00 (0.00) 0.07 (0.09) 0.00 (0.00)  0.00 (0.00)
AdaDetect KDE 0.44 (0.33) 0.12(0.20) 0.11 (0.24) 0.22 (0.17) 0.02 (0.06)  0.00 (0.00)
AdaDetect SVM 0.85(0.17) 0.68 (0.28)  0.66 (0.32) 0.43 (0.13) 0.40 (0.17) 0.52(0.21)
AdaDetect RF 0.99 (0.01) 0.85(0.03) 0.99 (0.01) 0.48 (0.10) 0.04 (0.09) 0.03 (0.08)
AdaDetect NN 0.76 (0.15)  0.80 (0.07)  0.52 (0.41) 0.47 (0.14) 0.11 (0.13)  0.01 (0.03)
AdaDetect cv NN 0.84 (0.12) 0.76 (0.13)  0.74 (0.41) 0.42 (0.16) 0.13 (0.12) 0.01(0.03)
CAD SVDD + CNN - - - - - 0.03 (0.15)
AdaDetect CNN - - - - - 0.93 (0.06)

error of estimated FDR/TDR divided by 10. This can be viewed as an approximation of the
standard error with 10, 000 Monte Carlo simulations. In this setting, 7o = 0.5 and thus all
methods provably control the FDR at level mpoe = 0.025 (except “Emp BH current”). This is
confirmed in the left panel of Figure 6. From the right panel, we observe that AdaDetect with
RF achieves the highest power, substantially improving upon AdaDetect with nonadaptive
scores (Emp BH). This demonstrates the advantages of utilizing classification-based score
functions. In Section G of the Supplementary Material, we present results in additional ex-
perimental settings that exhibit qualitative similarities to Figure 6.

8. Conclusion and discussion. In this work, we propose AdaDetect as a generic frame-
work that can wrap around any classification methods and provably control the FDR in finite
samples when the null measurements are exchangeable conditional on the novelties. It gen-
eralizes and often substantially outperforms previous methods that only work with one-class
classification methods which are not adaptive to the novelty distribution. We also develop the
mo-adaptive AdaDetect that further improves the power in the presence of many novelties as
well as the cross-validated AdaDetect that allows model selection. The theoretical analysis
is based on a novel FDR expression that unifies and generalizes the existing results. In addi-
tion, we provide power analysis showing that (1) the optimal score function is given by any
monotonic transformation of the ratio between the average density of novelties and the null
density and (2) the estimated score function can be asymptotically optimal in terms of power.
We demonstrate the versatility of AdaDetect on a variety of tasks.
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FI1G. 6. Estimated FDR (left) and TDR (right) as a function of n, the size of the NTS, with m = 100, m1 = 50
and o = 0.05. All methods shown in the plot provably control the FDR at level moo = 0.025 (except “Emp BH
current”).

8.1. Limitations of AdaDetect. Here we discuss several limitations of our method and

potential solutions.

Heterogeneous null distributions. A key assumption for the FDR control is that the null
distribution P is the same across the NTS and the test sample. This excludes the case
where the null can be generated from a bag of distributions {Pyx, ] < k < K}. Under
heterogeneity, the empirical p-values can be invalid even marginally since the nulls are no
longer exchangeable. One possible way to reconcile this issue is to assume the nulls are
generated from a mixture distribution > ,le 7 Py k, thereby retaining the exchangeability.
We leave this for future research.

Directional null hypotheses. Throughout the paper, we focus on testing whether a new
observation has the same distribution as the typical measurements. In some applications,
it may be more appropriate to test directional nulls, which are often characterized by the
sign of a parameter for parametric models. However, it is unclear how this can be done
in nonparametric cases. One possibility is to consider the nulls P; < Py where < denotes
the stochastic dominance, meaning that there exists a random vector (A, B) such that A ~
Po, B~ P; and A > B in an entrywise fashion. By restricting the score function to be
entrywise increasing, we may still apply AdaDetect and retain the FDR control.
Randomness of data splitting. AdaDetect is intrinsically randomized due to the data split-
ting step. Without carefully documenting random seeds, the researcher can “hack” the
results by reporting the best results across different splits. A subsequent work by Bashari
et al. (2023) proposes an elegant solution to derandomize AdaDetect by treating the test
statistics as e-values and aggregating over all data splits. They show that the e-AdaDetect
successfully stabilizes the output of AdaDetect.

Semisupervised data. In some applications, labeled novelties are available in the train-
ing sample. For example, the researcher may have historical data on fraud transactions
recorded in the system and can train a two-class classifier to distinguish between the nulls
and labeled novelties. When future novelties are similar to labeled novelties, it should yield
an efficient score function. This has been studied by Liang, Sesia and Sun (2022). Com-
bining their approach with ours in a nonstationary setting where future novelties behave
differently from the past ones is a promising avenue for future research.

Sparse novelties: when the novelties are too sparse, two-class classifiers may not be the best
at discriminating between nominals and novelties and can be out-performed by simpler
one-class classifiers; see Liang, Sesia and Sun (2022). One possible solution is to apply
AdaDetect cv by including both one-class and two-class classification methods and let
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data decide which score function is more efficient. We leave the full examination of this
approach for future research.

8.2. Other future works. First, we could provide a more detailed power analysis by quan-
tifying the bias term R (gé) — Ri(g") for a broader class of algorithms. For example, we can
consider G = Gy 1 ¢, the set of realizations of NN with width N, depth L and sparsity s (Bos
and Schmidt-Hieber (2022)). Such a quantitative analysis could provide guidelines for choos-
ing hyper-parameters or at least a default range in the cross-validated AdaDetect procedure.

Next, a core assumption of the FDR controlling theory is exchangeability of the null scores
conditional on the novelties. This can be satisfied beyond our setting, for example, the knock-
off setting discussed in Remark 3.8. This suggests a possible path to further improve the
knockoffs method.

Lastly, the BONuS algorithm in Yang et al. (2021) can iteratively remove null observa-
tions and update the score function correspondingly using a masking technique introduced
by Lei and Fithian (2018). While this increases the computation cost, it gradually reduces the
attenuation caused by the null sample in the mixed sample and hence improves the accuracy
of the estimated score function. It would be interesting to apply their idea in AdaDetect.
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SUPPLEMENTARY MATERIAL

Supplementary material for ‘“Adaptive novelty detection with FDR guarantee” (DOI:
10.1214/23-A0S2338SUPP; .pdf). This supplement contains the proofs for the theoretical
results in the main paper, additional simulations, and details for the numerical experiments.
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