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Abstract

In a split conformal framework with K
classes, a calibration sample of n labeled ex-
amples is observed for inference on the la-
bel of a new unlabeled example. We explore
the setting where a ‘batch’ of m indepen-
dent such unlabeled examples is given, and
the goal is to construct a batch prediction
set with 1-a coverage. Unlike individual pre-
diction sets, the batch prediction set is a col-
lection of label vectors of size m, while the
calibration sample consists of univariate la-
bels. A natural approach is to apply the
Bonferroni correction, which concatenates in-
dividual prediction sets at level 1 —a/m. We
propose a uniformly more powerful solution,
based on specific combinations of conformal
p-values that exploit the Simes inequality.
We provide a general recipe for valid infer-
ence with any combinations of conformal p-
values, and compare the performance of sev-
eral useful choices. Intuitively, the pooled
evidence of relatively ‘easy’ examples within
the batch can help provide narrower batch
prediction sets. Additionally, we introduce a
more computationally intensive method that
aggregates batch scores and can be even more
powerful. The theoretical guarantees are es-
tablished when all examples are independent
and identically distributed (iid), as well as
more generally when iid is assumed only con-
ditionally within each class. Notably, our
results remain valid under label distribution
shift, since the distribution of the labels need
not be the same in the calibration sample
and in the new batch. The effectiveness of
the methods is highlighted through illustra-
tive synthetic and real data examples.
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1 Introduction

Conformal prediction is a popular tool for providing
prediction sets with valid coverage (Vovk et al.l [2005).
The strength of the approach is that the guarantee
holds for any underlying data-distribution, and can be
combined with any machine learning algorithm. In
this paper, we follow the split/inductive conformal
prediction in a classification setting for which a ma-
chine has been pre-trained on an independent training
sample (Papadopoulos et al., 2002; [Vovk et al., 2005;
Lel et all 2014) and an independent calibration sam-
ple with individual labeled examples is available. We
would like to use the calibration sample efficiently, to
derive the prediction set for the label vector of a batch
of new examples, without making any distributional
assumption.

Formally, let X; € X (the space X is without restric-
tions) be the covariate and Y; € [K[{| be the class
label for example 7. We observe a calibration sam-
ple {(X;,Y;),i € [n]}, and only the covariates from
the batch {(Xp4i,Ynti), 4 € [m]}. We assume that
a machine has been pre-trained (with an independent
training sample) and is able to produce non-conformity
scores Si(x) for any label k € [K] and any individual
covariate x € X. The considered task is to produce a
collection C7' (called a batch prediction set) of batch
label vectors y := (yi)icim) € [K]™ such that one of
the two following guarantees holds:

P((Yoyi)icm) €Cq') = 1 —a; (1)
P((Yati)icim) € Co' | Yotidiepm) =y) =1 —a, (2)

where the guarantee in is meant to hold for any
possible batch y € [K]™. The unconditional guaran-
tee in is considered for the iid model, for which
the probability is taken with respect to (wrt) the sam-
ple {(X;,Y:),i € [n 4+ m]} which is assumed to have
iid components. By contrast, the stronger conditional

'Throughout the paper, we denote by [f] the set
{1,...,¢}, for any integer £ > 1.
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guarantee in is considered for the conditional model
where the batch label vector (Yi,44)ie[m] is fixed and
the probability is taken wrt the distribution of the cal-
ibration sample {(X;,Y;),? € [n]} and the conditional
distribution of (X yi)icim) given (Ynyi)icpm)- Note
that by independence, the conditional distribution of
(Xnti)iepm) given (Ynii)icpm is simply equal to the
product of the marginal distributions of X, 4; given
Y4 for i € [m].

While unconditional guarantees of the type are the
most used targets for inference in the conformal lit-
erature (Angelopoulos and Bates|, |2021; |Angelopoulos
et al.,|2024)), we emphasize that is a much stronger
guarantee (Vovk et al., 2005} [Sadinle et al.; |2019; Ro-
mano et al}|2020), which is a particular case of Mon-
drian conformal prediction. In our framework, since
the true labels are fixed, the batch prediction set can
be seen as a batch confidence set, that is, it is valid for
all possible values of the true labels, and covers the
case of a label distribution shift between the calibra-
tion sample and the batch: while methods built for the
iid case implicitly use exchangeability of the labels and
thus fail to cover the true batch in that case (see § [F.4]
for an illustration), methods with conditional coverage
cover the true batch even if the classes are arbitrar-
ily unbalanced. This is of practical importance given
that this situation is commonly met in real data sets.

The typical inference on a ‘batch’ only reports a pre-
diction set for each example (Lee et al. 2024). By
providing powerful methods that guarantee ,, the
inference is far more flexible. First, we can extract a
prediction set for each example with a 1 — « coverage
guarantee: for instance, (2)) entails for all y € [K]™,

P(Vi € [m], Yati € C4 | (Ynsidiem) =) 21— «,

where C[, is the set of the i-th coordinates of all
the vectors in CI*, that is, cr, = {yi € [K]
i) jetmngy € K™ 0 (y))jerm) € Ci'}- In ad-
dition to this, we can also extract from the resulting
batch prediction set bounds on the number of exam-
ples from each class. For any possible batch vector
y € [K]™, let

m

mi(y) = > Uy =k}, k€ [K], (3)

i=1

be the number of examples from class k£ in the batch
y. The guarantees , ensure that with (condi-
tional) probability at least 1 — c, all unknown numbers
Mk ((Yngi)iepm)) are included in a range

(607, ul?] = min Vi (C), max N (Ca)],  (4)

where NV (C™) := {my(y) : y € CI*}, for all k € [K].

We mention two applications of our work, where the
covariate corresponds to an image and we should pro-
duce a prediction set for the label vector of a batch of
such images:

(i) Reading zip code (Vovk, [2013): given a machine
trained to classify hand-written digits, we observe
a written zip code, that is a batch of m = 5 im-
ages, and we should produce a list of plausible zip
codes (a subset of [K]™) for this batch; building
C' ensuring (1)) or (2|) provides a solution, see also
Figure [Ta] below.

(ii) Survey animal populations: given a machine
trained to classify animal images, we observe a
set of m animal images and we should provide
a prediction sets for the counts of each animal,
building [fgc),u&k)] as in provides a solution,
see illustrations in § [F.3]

In a very recent paper, [Lee et al.| (2024) suggest con-
structing prediction sets for functions of the batch
points (e.g., for the mean or median outcome of the
batch), assuming exchangeability of the calibration
and test data, for both regression and classification.
Their motivation is thus the same as ours, of provid-
ing model-free joint inference on multiple test points.
They did not develop methodology targeting the in-
ferential guarantees (1)),(2). For their aims, they use
a similar approach to the permutation approach we

suggest in § [3]

The guarantee (1)) has been considered in |Vovk] (2013).
To achieve the 1 — a guarantee, the problem of a batch
prediction set is seen as the problem of testing at level
« each of the y € [K]|™ possible sets of labels. [Vovk
(2013)) suggested in the full/transductive conformal
setting using Bonferroni for each partitioning hypoth-
esis. The advantage is that only m - K conformal p-
values, i.e., K for each example, need to be computed.
So there is no need to go over all K™ possible vectors
of labels since m - K computations are enough. How-
ever, the computational simplicity comes at a severe
cost: the batch prediction set using Bonferroni may
be unnecessarily large, and thus less informative, than
using more computationally intensive methods.

Our main contributions are as follows. We start by
casting the problem of finding the batch prediction set
as the problem of finding all the vectors that are not re-
jected when testing each of the y € [K]™ possible sets
of labels in the conditional and iid models. By using
the well-known Simes test, we show that there is a uni-
formly better (i.e., narrower) batch prediction set than
Bonferroni’s, that we refer to as the Simes batch pre-
diction set. We further introduce an adaptive variant
(its theoretical guarantee are established for conformal
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p-values with a possible label shift, enriching the avail-
able literature (Storey, 2003; Bates et al.| [2023)). We
show how to construct batch prediction sets with any
p-value combining function in Algorithm [Ij We also
provide a computational shortcut algorithm to com-
pute the bounds that maintains the 1 — a coverage
guarantee. Finally, we provide an alternative method
that combines batch scores rather than conformal p-
values in Algorithm [2] We suggest the estimated like-
lihood ratio statistic, and show it has excellent power
but a large computational cost compared to the meth-
ods that combine conformal p-values. We demonstrate
the usefulness of our recommendations for image clas-
sification and USPS digits problems ]|

The novel methods are available in two versions, each
being valid for the iid or conditional model. The the-
oretical proofs are deferred to the supplementary file.
The latter also contains additional illustrations, nu-
merical experiments and mathematical materials.

To illustrate our method, Table (1| provides an exam-
ple of batch prediction set for the particular zip code
displayed in Figure For each combining function,
Bonferroni or Simes, the proposed batch prediction set
can be expressed as the batches with a p-value larger
than o (see (6], below). At 5%, we see that the
Bonferroni batch prediction set is of size 8, whereas
the Simes batch prediction set is of size 6 and is able
to exclude the batches (0,6,5,5,4) and (0,6,6,5,4)
from the prediction set. This is because all digits
of the batch are acceptable according to Bonferroni’s
method, but are not acceptable together according to
Simes’ method. To show that this phenomenon is not
due to the particular data generation, a violin plot for
500 replications is provided in Figure [I] Below the vi-
olin plot, the scatter plot of the number of rejections
by each method clearly shows that the batch predic-
tion set using Simes can be much narrower than using
Bonferroni (and is never larger than using Bonferroni).

Finally, let us describe some related works. Our
methodology is tightly related to the multiple test-
ing literature, in particular Benjamini and Yekutieli
(2001)); Benjamini et al.| (2006); Barber and Ramdas
(2017); Bogomolov| (2023)); [Heller and Solari| (2023),
where Simes and adaptive Simes variants are shown
to be useful for inference on a family of null hypothe-
ses. Existing work for the task of building predic-
tion sets concentrated thus far primarily on providing
a false coverage rate (FCR) guarantee (Bates et al.|
2023; |Gazin et all 2024allb; |[Jin and Renl 2024). To
derive our theoretical results, we rely on the litera-
ture on conformal novelty detection (Bates et al.,|2023;

2The code used in all our experiments is made publicly
available at https://github.com/ulyssegazin/BatchCP_
Classification

(a)

‘ 0 8 6 0 4 ‘ Bonferroni  Simes ‘
0 6 5 5 4/|0.065 0.038
0 6 6 5 4/|0.065 0.038
0 6 5 0 4|0.065 0.065
0 6 6 0 4|0.065 0.065
0 8 5 5 410.077 0.077
0 8 6 5 4|0.077 0.077
0 8 5 0 4|0.277 0.277
0 8 6 0 4|0.605 0.345
(b)
Table 1: Batch prediction sets at level 0.05 for Bon-

ferroni’s and Simes’ methods computed on the partic-
ular batch displayed above the table (from the USPS
dataset provided by the US Postal Service for the pa-
per LeCun et al| (1989)) previously studied by [Vovk
(2013)). Columns 6 and 7 provide the combination p-
values using combining functions @ and @[), respec-
tively. The batch prediction set corresponds to batch
p-values displayed in bold.

Marandon et al., 2024) under the ‘full null’ configura-
tion, that is, when the test sample is not contaminated
by novelties. While we show that these works yield de
facto the unconditional guarantee , we extend the
theory to also cover the more challenging conditional
guarantee . We emphasize that our work consider
the setting where we observe a calibration sample of
examples (not batches), as in [Lee et al. (2024). If a
calibration sample of batches is at hand, the usual con-
formal inference pipeline can (and should) be used by
defining batch scores that take into account the inter-
action between batch elements (Messoudi et al., 2020)
2021} |Johnstone and Cox, [2021; |Johnstone and Ndi-
ayel [2022). In our work, the batch examples are as-
sumed independent and the calibration sample only
contains scores for individual examples, so our setting
is markedly different.

2 Methods using combinations of
conformal p-values

Henceforth, we make the classical assumption that the
scores Sy, (X;), i € [n+m], have no ties almost surely.
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Figure 1: Violin plots (top row) and scatter plot (bot-
tom row) for the size of the batch prediction sets of
Bonferroni’s and Simes’ methods (m = 3, K = 10, 500
replications) for & = 0.1. Generated from the USPS
dataset, as described in §

2.1 Conformal p-values

For k € [K], we consider the conformal p-value (Vovk
et all [2005) for testing the null “Y,,,; = k" versus
“Yp4i # k7 in the test sample. Formally, the p-value

family (p(k)7 k € [K],i € [m]) is given as follows:

?

(k) _ 1 (
M= — (14
™41 .Z

cal

1S, (X)) = Se(Xns)}),

(5)
with Dgal) being either [n], of size n, in the iid setting or
{j € [n] : Y; = k}, of size ny, in the conditional setting.
The p-values in are referred to as full-calibrated p-
values in the iid setting and class-calibrated p-values

in the conditional setting.

Since scores {Sy,(X}),j DEZ:"“)} U {Sy,..(Xnti)}
are exchangeable both in the iid and class-conditional
setting, the following, well known property, holds.

Proposition 2.1. The conformal p-values are
marginally super-uniform, that is, for all i € [m], for

all w € [0,1], P(p; (Ynri) < u) < wu for full-calibrated p-

values and P(p; (Y"“ u | (Y))jemem)) < u for class-

calibrated p- values

Proposition ensures that each individual label set
o =1{y; € [K] : pgyl) > a} is a prediction set for

Y+ of (conditional) coverage at least 1 — «.

2.2 Bonferroni batch prediction set

The Bonferroni batch prediction set is given as follows:

m o—
Coz,Bonf T

v = (¥i)icim) € [K]™
FBonf((pgyl))ie[m]) > af,

where the p-value for the batch y and for the Bonfer-
roni method is given by

D)icpm)) :=m mm{p“‘ }. (7)

i€[m

(6)

FBonf((pz(‘y

Hence, this prediction set is rectangular: Cp'p,.; =
(k)

xm {k € [K] : p;’ > a/m}; it is simply the prod-
uct of standard individual conformal prediction sets,
taken at level 1 —a/m. By Proposition[2.1]and a sim-
ple union bound, it is clear that and hold by
using the full-calibrated and class-calibrated p-values,
respectively.

2.3 Simes batch prediction set

Let us denote by p(¢) ((¥i)ic[m]) the (-th largest element

among the vector (pgyi),i € [m]). The Simes batch
prediction set is given as follows:

{y = (yi)ze[m] € [K]m
FSimes((pEyl)) €lm ]) > a},

where the p-value for the batch y and for the Simes
method is given by

Fsimes ( (pl(‘yi) )ie [m] ) = ng[igll] {mp(é) (y)/ﬁ} (9)

C’I’TL

«,Simes

(8)

The latter always improves the Bonferroni batch pre-
diction set, that is, C'gines C Ca'pons PoOintwise. Note
that the Slmes batch prediction set is not a hyper-
rectangle, and cannot be obtained from the individual
prediction sets of each element of the batch. In addi-
tion, the next result shows that it provides the correct
(conditional) coverage.

Theorem 2.2. The prediction set C})'g,,,., satisfies (1
and . by using the full-calibrated and class- calzbmted
p-values, respectively.

To prove Theorem we establish that the Simes
inequality (Simes, (1986 holds for the class/full-
calibrated p-values in § [B:I} This comes from the fact
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that the conformal p-value family is positively depen-
dent in a specific sense.

The conformal p-values are discrete, and therefore the
guarantee or is typically a strict inequality. To
resolve the conservativeness of the coverage that fol-
lows from the discreteness of the conformal p-values,
a standard solution is to use randomized conformal
p-values (Vovk, [2013). This solution is (arguably)
unattractive since decisions are randomized. Inter-
estingly, exact coverage is possible without need for
randomization for specific values of « detailed in the
following theorem.

m
«,Simes

Theorem 2.3. The coverage for C
« in the two following cases:

is exactly 1—

e in the iid model, for full-calibrated p-values, if
a(n+1)/m is an integer;

e in the conditional model, for class-calibrated p-
values if a(ng+1)/m is an integer for all k € [K].

The proof is given in §
2.4 Adaptive Simes batch prediction set

For any possible label vector y = (yi)icim) € [K]™, let

mo(y) = Z Hyi = Yoyi}, (10)

i€[m]

the number of coordinates of y that are equal to the
true label vector Y = (Y, 1i)ig[m). Since mo(Y) = m,
the Simes batch prediction set CJ'g;,.. has exactly
the same coverage when replacing m by mg(y) in the
threshold. Meanwhile, using mg(y) may narrow the
batch prediction set, because mg(y) < m for any vec-
tor y # Y. Unfortunately, mg(y) is unknown so that
this improved prediction region is only an ‘oracle’ one
that cannot be used. Our approach consists first in

estimating mg(y) by
mo(y) = (L= N7 (1416 = N). ()

which is an analogue of the so-called Storey estimator
in the multiple testing literature (Storey, 2002). Here,
A € (0,1) is a parameter that is free but should be
such that (n + 1)\ is an integer in the iid setting, or
such that (ng + 1)\ is an integer for all k£ € [K] in
the conditional setting. If these conditions are too
strict, we can accommodate any value of A € (0,1) by
adjusting the formula to account for discreteness:
the modification is minor, see § [A]

The adaptive Simes batch prediction set is

{v = Wi)iepm € [K]™ :
FA—Simes((pq(;yl))iE[m]) > Oé},

m o—
o,A-Simes *7

(12)

where the p-value for batch y and for the adaptive
Simes method is given by

Frssimes (04" ictn) = min {o(v) - pioy(v)/0), (13)

and o (y) is an estimator of mo(y) (10)), typically as
in .

Theorem 2.4. The coverage for C' 4 gip.. with the
Storey estimator is at least 1 — « both in the iid
model (using full-calibrated p-values) and in the con-

ditional model (using class-calibrated p-values).

The proof is given in § Note that the adap-
tive Simes method with estimator (referred to as
Storey Simes in what follows) does not provide a uni-
form improvement over Simes (or Bonferroni), because
mo(y) > m is possible for some batches y. However,
mo(y) is typically (much) smaller than m for batches y
which are far from the true batch. Hence, the adaptive
version leads to a substantial improvement in a situ-
ation where the batch prediction set is large (‘weak’
signal), see examples in §

The tuning parameter A is by default chosen equal
to 1/2 but other choices are possible, see § in the
supplement. Therein, we also provide another type of
estimator, corresponding to the so-called ‘quantile’ es-
timator (Benjamini et al.,2006; Marandon et al.| |{2024))
and for which a choice of parameter is the ‘median’ es-
timator (and the corresponding method is referred to
as median Simes). While we have no theoretical guar-
antee for median Simes, the performance of median
Simes tends to be better than Storey Simes for strong
signal and worse when the signal is weak, see § [F]

2.5 General p-value combining prediction set

We present a general method for guaranteeing
and (2) using any combining function, denoted by
F ((pgy )icim]), for the conformal p-values that test
that the batch labels are y € [K]™. Consider a batch
prediction set of the form

e = {(y)ieim) € [K]™ © F((0P)icpm) = t}, (14)

where t is some threshold, possibly depending on the
p-value vector. From Theorems and a valid
choice is t = o and F' = Flo_gimes @S in with ei-
ther mg(y) = m or mo(y) as in (1I). Algorithm
shows how to find a valid empirical choice of ¢ for any
F (see also the simplified version given in § Al-
gorithm |5}, for the particular case of the iid model).
Importantly for computation, the empirical threshold
(line 10 in Algorithm [I]) does not depend on the actual
scores from the calibration and test examples. How-
ever, in the conditional model, the threshold depends
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on (mk(y))ke[x] so B permutations of [n + m] should
be generated for every configuration of (my) ke[K] such
that Zszl my, = m (where my € [0,m]). Hence,
the computational cost is more severe than for the iid
model, which only requires B permutations of [n+m].
However, these computations can be done once for all,
before observing the data for the batch.

Finally, the attentive reader may have noticed that
the inequality in is not strict, which is in contrast
with the previous sections. This is necessary to obtain
a general valid coverage as stated in Theorem 2.5 below
and is consistent with standard randomized test the-
ory for the batch statistic F' ((pz(-yi))ie[m]) (Romano and
'Wolf}, [2005)), which is intended to be small When a re-
jection should be made. The prediction set (|14)) can be
equivalently expressed as C}"x = {y € [K ]’” 2 4(y) >
a}, where ¢ = §(y) is some batch p-value (see (23
in § [B.4), possibly depending on (my(y))refx] in the
class-conditional case. This representation is similar
to the representation in previous sections. Both rep-
resentations have the same computational complexity,
but the representation in the algorithm has the advan-
tage of making it clear that the thresholds ¢("»))ke(x)
do not depend on the data, i.e., the construction of the
prediction set is distribution free.

Theorem 2.5. The coverage of the batch prediction
set C["p provided in Algorithm |1 . is at least 1 — a both
in the iid model (using full-calibrated p-values) and in
the conditional model (using class-calibrated p-values).
For the iid model, the outer loop (lines 1, 2, 12 in
Algorithm 1)) is not needed, see Algorithm@ mn §|E

The proof is provided in § [B:4 The method is very
flexible: combined with adaptive Simes combination
Fimes, any estimator mgo(-) can be used, see detailed
suggestions in § [A] Since there is not one uniformly
best estimator, and which estimator to use depends
on the unknown properties of the data at hand, it is
possible to take as 7h(-) the smallest of several estima-
tors of 1 (+). More generally, any p-value combination
can be used, for instance the Fisher combination

( 23" log(p*”) ) (15)

i€[m]

Frisher ( (PEM ) )ie[

where T is the survival function of a x?(2m) distri-
bution. The corresponding method is referred to as
Fisher batch prediction set in what follows. We refer
to Heller and Solari (2023), and references within, for
more examples of such combining functions.

2.6 Shortcut for computing bounds

Computing naively the bounds [Ea ,u&’“)] in (4) incurs
exponential complexity and thus is difficult when both

© 0 3 o

10

11

12
13

14

Algorithm 1: Constructing a batch prediction set
using conformal p-values combination

Input: Number of examples from class k in the
calibration set ny, k € [K]; combining
function F; level a € (0, 1); number of
permutations B; conformal p-values

for each posszble allocation h =: (hi)ke(k) such that
0<h,<m andezlhk:mdo
define z = z(h) = (2i)iem) € [K]™ as any element
such that my(z) = hy for all k € [K];
for each b € [B] do
Generate a random permutation m, of [n + m];
Compute null conformal p-values:

L4 2 epep Hme(5) 2 m(n+ )}

|D(Zz)| + 1

cal

P

for i € [m];
Compute combined statistic:

&« F((p{7 i € [m]));
end

Compute threshold:

h h
£ & (B+1)a))
where E(hl) <...< 5?3) are the sorted values of

€', € and £fp) =

—o0;
end
Construct batch prediction set:

Crlp — {y € [K]" + F((p{")icgy) = 6 ODvctr);
Output: Batch prediction set C;'r.

K and m increase. A pseudoalgorithm for a computa-
tional shortcut, which reduces the time complexity for
calculating the bounds from O(K™) to O(K x m?), is
given in § [D] This shortcut is exact when K = 2 and
the scores produced by the machine learning model
are probabilities, i.e. they satisfy the relationship
Si(Tn4i) =1 — S3_p(xnyi) for k € {1,2} and ¢ € [m].
However, when K > 2 or when arbitrary scores are
used, the shortcut may become conservative, resulting
in wider bounds but never narrower ones. This ensures
that the coverage guarantee of at least 1 — a proba-
bility is maintained. In Appendix we examine the
performance of the shortcut in our numerical exper-
iments. Interestingly, the bounds using the shortcut
are almost identical to the bounds derived from the
batch prediction set for Simes (see §.

From the bounds produced by the shortcut, it is
straightforward to produce a conservative batch pre-
diction set. The size of the set is the sum of all
valid assignments of (mq, ..., mg) occurrences, where

E((f) < my < ugk) for each & € {1,...,K}, and
mi + --- + mg = m, with each valid assignment
counted by the multinomial coefficient (m1 m;” mK),

see § [D] for more details.
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Finally, we note that since for any y € [K]™, the re-
jection by Bonferroni necessarily entails rejection using
Simes, then we can first apply the Bonferroni proce-
dure, and then apply the suggested shortcut for Simes
on the (K —Rp) X x (K — R,,) remaining partitions,
where R; are the number of conformal p values at most
a/m for the i-th example of the batch.

3 Method using batch scores

Thus far, we have considered methods that combine
conformal p-values. Next, we present a general method
for guaranteeing — using any function that com-
bines the non-conformity scores of the batch. We sug-
gest a specific function, the estimated likelihood ra-
tio (LRT) statistic, which has been successfully used
in hypothesis testing and has asymptotic optimality
properties (Lehmann and Romanol 2005). We show
in § [4] that the batch-score algorithm using the esti-
mated LRT statistic has excellent power, but also non-
negligible increased computational complexity, com-
pared with the suggested methods that are based on
combining conformal p-values, as shows in § [F.5] The
added computational complexity is due to the fact that
the null distribution of the estimated LRT statistic de-
pends on the actual scores. In contrast, the null distri-
bution of the combination of conformal p-values does
not depend on the actual scores (it does, however, de-
pend on the number of examples from each class in the
calibration set for the class conditional model).

Let  G((4)iem]s (¥i)icim)) denote the batch-score
function. We suggest G((2:)iefm)> (¥i)icim])

*) (4,
m  maxger](1-5S" (24)) f s
| S . So our test statistic,

called the estimated LRT statistic, for testing the
null hypothesis that (Yy14)iepm (Yi)icim), is
G((Xng4)iemm]s (Yi)iepm))- This test statistic is ex-
pected to have excellent power when 1 — S*)(X,, ;)
is close to the probability of observing Y,+; = k
given X, ;. To see this, suppose the true (un-
known) batch label vector is §. Then the approx-
imate likelihood of observing (X 1:)iefm) together
with the true gy or together with the null y is,
respectively, — II™,; (1 — SW)(X,4,))P(X,4;) or
e, (1-SW)(X,14)) P(Xp4i),  where  P(Xp4)
denotes the density of X, ; taken at point X, 4,
(when it exists and with a slight abuse of no-
tation). So the approximate likelihood ratio is
e, (1—SU)(Xny4)) /(1 — S (X,44)). The nu-
merator is evaluated using the maximum likelihood
estimate for § to obtain G((Xnis)iem]s (¥i)icim))-

Proposition 3.1. The coverage of the batch predic-
tion set C.' provided in Algorithm |2 is at least 1 — «
both in the iid model and in the conditional model. For
the iid model, the restriction in line 4 of Algorithm

[ G

Algorithm 2: Constructing a batch prediction set
using batch scores

Input: Calibration and test samples data
(X:,Yi)iciml, (Xnti)iem]; @ batch score
function G((:)ie[m), (¥i)icim)); level
a € (0,1); the number of permutations B

Initialize C3lg < 0

for each y = (yi)icim) € [K]™ do

for each b € [B] do

Sample m indices from the vector

(Y1,...,Yn,y1,...,Ym). The m indices are
sampled with the restriction that the
frequency of the classes in the ‘test’ sample is

(mk((yi)ie[m]))ke[K]‘ Let

((z3)ictm), (Yi)ictm(v))) denote the
vectorized data in the ‘test’ sample.
Compute the bth null batch score

G = G((3h)ictmpr, Whicmy):

end
The p-value for testing that (Y yi)ieim) = v, is

W = 1+ 30 1{Gy > G(Xnti)iem), Wi)iem)}
B+1 '

If p > a then O’ « Ci Uy.
end
Output: Batch prediction set CJ'¢.

18 not necessary.

The proof follows from standard theory on permuta-
tion tests, see, e.g., Theorem 2.4 in|Angelopoulos et al.
(2024). Specifically, for the class conditional model,
the result follows since the non-coverage probability is
equal to P (p(y) <al (Yn+i)ie[m] = y)7 which is < «
because the B null batch scores generated for a specific
y in lines 3-6 of Algorithm 2| are exchangeable with the
batch score test statistic when (Y, 1i)icim) = ¥-

Remark 3.1. We presented a computationally effi-
cient shortcut for the bounds when using the p-value
combining methods in §[2.6, and demonstrated in §D.7)
that the bounds can be useful when m is large. Unfor-
tunately, this shortcut is not possible for the estimated
LRT statistic, since its (permutation) null distribution
varies with the vector y being tested.

4 Experiments

We study the performances of the following proce-
dures: Bonferroni (6], Simes (8), Storey Simes (adap-
tive Simes with the Storey estimator ((16)) where
A = 1/2), Fisher (15), and the estimated LRT (§ [3).
We use the conditional setting, with class calibrated
conformal p-values (5). The score function S(z) is
given by an estimator of the probability that k is not
the label of observation x.
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4.1 Gaussian multivariate setting

We illustrate the substantial advantage of the new
methods over Bonferroni for inferring on batch pre-
diction sets in settings with different signal to noise
ratio (SNR). We consider K = 3 categories, where the
distribution of the covariate in each category is bivari-
ate normal. The centers of the three categories are
(0,0), (SNR,0), and (SNR,SNR). So the classification
problem is more difficult as the SNR decreases. See
§ for one example of this data generation.

In Table 2] we show the results for a range of SNR
values, in the setting with n = 1200, m = 6, and the
calibration set and test sets have a fixed and equal
number of examples from each of the three categories.
As expected, using Simes is uniformly better than us-
ing Bonferroni. Adaptive Simes is far superior to both
when the SNR is at most 2.5. For strong signal, us-
ing Simes produces slightly narrower batch prediction
sets than using adaptive Simes. Fisher provides the
narrowest batch prediction sets when the SNR is low.
However, when the SNR is strong its performance is
much worse even than Bonferroni. Thus, using Fisher
is only recommended in situations where the batch pre-
diction set is expected to be large. The estimated LRT
statistic outperforms all the other practical methods
when the SNR is > 2.5. Moreover, its batch predic-
tion sets are only slightly wider than those obtained
using the Fisher combining method when the SNR is
< 2.5. All other methods, however, require less than
1/100 of the running time that is needed for the esti-
mated LRT method. Thus it is the preferred method
overall only if the practitioner has sufficient computing
power.

Storey estimated
SNR/| Bonf Simes Simes Fisher LRT
1.00]410.52 384.66 327.55 274.36 277.58
1.50(217.69 187.36 142.98 107.85 113.88
2.00| 81.63 65.52 49.12 37.40 37.76
2.50| 23.51 17.98 15.08 14.60 11.91
3.000 642 535 5.18 7.78 4.35
3.501 246 224 2.27 5.20 2.02
4.00f 139 134 1.37 4.38 1.28
4501 1.07 1.06 1.08 4.03 1.03

Table 2: Average batch prediction set size at each SNR
for different combining methods (columns). In bold,
the combining method that produces the narrowest
prediction region. a = 0.1 and 2000 replications. For
a single data generation, the average running time on a
standard PC was less than 0.05 seconds for all methods
but the estimated LRT, which has an average running
time of 5.7 seconds.

In Appendix Table [7} the non-coverage probabil-
ity is shown for each method, as well as the results
for median Simes (adaptive Simes with the 'me-
dian’ estimator, see (|18)), and oracle Simes that uses
the true (unknown in practice) mo(y). As expected,
oracle Simes leads to the narrowest batch prediction
sets. For low SNR, the oracle statistic with the true
mo(y) is far lower than all the practical test statistics.
This suggests that optimizing the choice of estimate of
mo(y) may improve the inference. As mentioned at the
end of one direction may be to use for 7o(y) the
minimum of several good candidates. More generally,
we could also use as combining function the minimum
batch p-value from different combining functions. We
leave for future work the investigation of the benefits
from such a compound procedure.

In Appendix Tables [§ and [0} we show the bounds
for each SNR. The bounds using Simes are slightly
tighter than using Bonferroni. Interestingly, there
seems to be no clear benefit for the bounds in using
adaptive Simes or Fisher. However, the bounds using
the method of combining batch scores with the esti-
mated LRT are tighter when SNR >= 2.5. Appendix
[D-4] shows bounds in settings with m large, which are
computed using the available shortcut for the methods
that combine conformal p-values, described in § [D}

4.2 Real data sets

We use two datasets commonly used in the ma-
chine learning community, the USPS dataset (LeCun
et al.l 1989) with K = 10 digits and the CIFAR-10
dataset (Krizhevskyl, [2009)) restricted to K = 3 classes:
“birds”, “cats” and “dogs”. For the USPS dataset,
the calibration and batch sample sizes are n = 700
and m = 3, respectively. The score functions are de-
rived using a support-vector classifier with the linear
kernel (trained with 2431 examples). For the CIFAR-~
10 dataset, the calibration and batch sample sizes are
n = 2000 and m = 5, respectively. We use a convolu-
tional neural network with 8 layers, trained with 5666
examples with 10 epochs and the ‘Adam’ optimizer.

The coverage and violin plots of the size of the batch
prediction sets for the different methods are displayed
in Table [3] and Figure [2| respectively. For the USPS
data set, the results strongly depend on the level o con-
sidered. For a = 0.01, the batch prediction sets are all
large and Fisher and LRT methods are the best. For
a = 0.05 and a = 0.1, the best batch prediction sets
are the LRT and the Simes methods. For the CIFAR
data set, the sizes of the prediction sets are large for all
« levels considered (meaning that the prediction task
is more difficult on this data set). The Fisher combina-
tion and LRT method are comparable and better than
the other ones, followed by the Storey Simes method.
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These findings corroborate those of the previous sec-
tion. Other qualitatively similar results are obtained
in § Finally, we note that for & = 10% the es-
timated coverage is less than one standard error (SE)
below 90%.

USPS CIFAR
Coverage| 0.99 0.95 0.90| 0.99 0.95 0.90
Bonf. 1 0.966 0.932]0.993 0.958 0.896
Simes 1 0.966 0.928]0.993 0.958 0.890
Storey 1 0.986 0.942]0.993 0.954 0.893

LRT |0.990 0.962 0.916|0.992 0.957 0.892
Fisher|0.994 0.972 0.932]0.994 0.953 0.892

Table 3: Estimated coverage for o € {1%, 5%, 10%}
and data sets USPS and CIFAR (in columns) and dif-
ferent procedures (in rows). Based on 500 simulation
runs; all the standard errors are below 0.014

USPS data set CIFAR data set

a=0.01 a=0.01
1000 —— —o— P Y Y
800 20
600 1
1350
400 195
200 170
0 b 30
Bonf. Simes Storey LRT Fisher ~ Bonf. Simes Storey LRT  Fisher
a=0.1 a=0.1

2p0

% llL!i““

Bonf. Simes Storey LRT  Fisher Bonf. Simes Storey LRT  Fisher

S

S

Figure 2: Violin plots for the size of the batch pre-
diction set for @ € {1%,10%} (rows) and data sets
USPS and CIFAR (columns), see details in the text.
The white dot inside the inter-quartile box of the vio-
lin plot is the median. The plots for o = 5% (omitted)
are qualitatively similar to the plots for a = 10%.

5 Discussion

For a batch of test points we provide, with a (1 — «)
coverage guarantee, a batch prediction set or bounds
for the different classes, by testing that the batch label
vector is y € [K]™ using two approaches: conformal
p-value and batch score combination tests. We demon-
strated that we can get much narrower batch predic-

tion sets than using Bonferroni. For the bounds, the
advantage over Bonferroni is modest, but nevertheless
with Simes the improvement over Bonferroni is uni-
form. A further improvement is noted using the esti-
mated LRT, the statistic suggested for the batch score
combination test. However, the computation complex-
ity is much larger with the estimated LRT, since the
permutation null distribution of the batch score com-
bination test depends on the n + m scores. This is in
contrast with Simes (and all other conformal p-value
combination tests), for which the null distribution de-
pends only on the number of examples from each class
in the calibration sample, not on the realized scores,
so in this sense it is distribution free.

As our numerical experiments show, there is no
best method for combining the conformal p-values.
Broadly, Fisher is good for weak signal and adaptive
Simes is a better choice for the remaining cases. We
can also consider combining the two using the algo-
rithm in § (a reasonable combining method is to
take the minimum of the Fisher based and median
Simes § . The lack of an overall best combining
method is not surprising, since for every combining
function that is reasonable there is a data generation

that is optimal for it in a specific sense (Birnbaum),
[1954; Heard and Rubin-Delanchyl, [2018)).

Our examples concentrated on a fairly small batch
size m and class size K. For m or K large we sug-
gested, instead of testing all y € [K]™ to produce the
bounds, to use a shortcut with computational com-
plexity O(K - m?). It is exact for K = 2, and ap-
pears tight for K > 2 in our numerical experiments.
Specifically for Simes type combination tests, compu-
tationally efficient algorithms have been developed in
the multiple testing literature (Goeman et al., |2019;
Andreella et al [2023)). For large m and K it may
be worthwhile to consider adapting their algorithms
to our set-up for greater computational efficiency. A
great challenge is to provide, for m or K large, ef-
ficient algorithms that directly target approximating
the batch prediction set (rather than via the bounds).
Relatedly, an open question is how to concisely sum-
marize the batch prediction set when it is large.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
Yes: The goal is theoretical and methodolog-
ical. We strived to present the material as
clearly and transparently as possible.

(b) An analysis of the properties and complex-
ity (time, space, sample size) of any algo-
rithm. Yes: The issue of time complexity
is discussed in § [D]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. Yes: All the code are
publicly available at https://github.com/
ulyssegazin/BatchCP_Classification| All
codes used for the numerical experiments are
made available in supplementary files: one
is coded in R (and is devoted to the syn-
thetic simulations) and one is in Python and
is coded in a Jupyter notebook (and is de-
voted to the real data set experiments).

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. Yes.

(b) Complete proofs of all theoretical results.
Yes.

(c) Clear explanations of any assumptions. Yes:
the iid and conditional models are standard,
and assuming no ties in the scores is common
in conformal inference.

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). Yes: the code is in the supplemen-
tary material and some simulation results are
stored in ’.npy’ file.

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). Par-
tially: The values for training, calibration
and test sizes are given. The parameters of
the underlying machine learning black boxes
are not explicitly discussed but can be found
in the codes.

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). Yes: we defined precisely
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the quality criteria displayed in the experi-
ments

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster,
or cloud provider). No:  All the experi-
ments were run on a standard laptop. Given
the time complexity of the procedures, some
simulations required several hours or days to
complete.

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. Yes: We provided them in the
bibliography.

(b) The license information of the assets,
if applicable. Yes: Data sets from
OpenML under (CC-BY) license and
conformal prediction code is publicly
available (scientific publications) without
explicit license given by A. Marandon (see
https://github.com/arianemarandon/infoconf).

(¢) New assets either in the supplemental mate-
rial or as a URL, if applicable. Yes.

(d) Information about consent from data
providers/curators. Not Applicable:
data sets from OpenML are under (CC-BY)
License, with explicit public consent to
reuse.

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. Not Applicable

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. Not Applicable

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. Not Appli-
cable

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. Not Applicable
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Supplementary Material for
“Powerful batch conformal prediction for classification”

This supplementary file contains additional details for the adaptive Simes procedure, additional experiments,
the proofs of the results of the main paper (with auxiliary results) and more materials for the computational
shortcut.

A Estimators for mg(y)

This section complements §

A.1 Storey and quantile type estimator

We first provide the general formula for the Storey-type estimator 1m(y) that can accommodate any choice
of A€ (0,1).

First, in the iid model, the modification corresponds to a simple rounding:
o) = (1= N7 (14 D 1) = [(n+ 1A/ (n+1)}).
i1€[m]
Clearly, the formula reduces to when (n + 1)\ is an integer.

In the conditional model, the modification corresponds to a rounding on each class:
. k
io(y) = wly) [ 1+ 30 >0 1p” = n) ], (16)
ke[K] iry:=k

with Ay = %7:11” for k € [K]. Above, the parameter x(y) is given by

myp (y)

= (- ) I ()™ m

where we recall that my(y) is given by (3). When (ng + 1)) is an integer for each k € [K], then A\, = A,
r(y) = (1 = A)~!, and the formula reduces to (L1)).

Second, the ‘quantile’ estimator (Benjamini et al., |2006)) is given by

oy m—f+1
oy) = ———,
1 —pe(y)

for some ¢ € [m], typically ¢ = [m/2] for the ‘median’ estimator. The adaptive Simes batch prediction set using
the quantile estimator satisfies the correct coverage in the iid model by |Marandon et al.|(2024). Proving such a

coverage result in the class-conditional model is an open problem, although our numerical experiments seem to
indicate that the control is maintained in that case (for the median estimator)E]

(18)

3Recall that a valid coverage for the quantile Simes procedure can be ensured by using the empirical method of §
(not used in our numerical experiments).
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A.2 Choice of the tuning parameters

We discuss the choice of the parameter A € (0,1) in the Storey estimator (procedure denoted by A-S for
short), and of the parameter ¢ in the quantile estimator . In the latter, we let £ = [gm] and discuss rather
the choice of ¢ (the corresponding procedure is denoted by ¢-Q for short).

The results are displayed in Figure [2] for the USPS and CIFAR data sets. For the Storey estimator, while no
choice of A seems to be universally the best, this choice affects the performance of the method: we observe that
choosing A = 1/2 is better for the data set with weak signal (CIFAR) while choosing A small (and of the order
of ) is better for the data set with strong signal (USPS). This is coherent with the intuition behind the Storey
estimator which implicitly supposes that the p-values above A are under the null. For the quantile procedure,
the conclusion is similar to some extent, but the median procedure seems to have a good behavior for both data
sets. Roughly, the latter can be seen as a Storey procedure with an adaptive choice A = p(f,,/27) (), which is able
to better adapt to the signal strength. These conclusions corroborate previous findings in the multiple testing
literature under independence (Benjamini et al., 2006; Blanchard and Roquain, [2009)), see also
Heard and Rubin-Delanchyl, [2018]).

USPS data set CIFAR data set
Mean size of batch prediction set with N = 500 simulations Mean size of batch prediction set with N = 500 simulations
3
10 2.4 x 10?
2.2 x 10°
2 x 10?
10
AN
— 0.01-Q — 0.01-Q
— 0.05-Q 18 x 102l — 0.05-Q
— 0.1-Q — 0.1-Q
—— Median —— Median
— 0.9-Q — 0.9-Q
—— 0.01-S 1.6 x 104 — 0.01-S
10* 0.05-S 0.05-5
— 0.1-S — 0.1-S
Storey Storey
— 0.9-S — 0.9-S
1.4 % 10°
0.02 0.04 0.06 0.08 0.10 0.02 0.04 0.06 0.08 0.10
@ @

Figure 3: Averaged size of the batch prediction sets in function of « for different procedures (see text). Storey
is 0.5-S and Median is 0.5-Q. Same setting as for Figure .

B Proofs

In this section, we prove Theorems [2.2] 2:3] and 2:4] The proofs follow from previous literature for the iid model
(and full-calibrated p-values):

e Theorem [2.2] for the iid model is a consequence of [Benjamini and Yekutieli (2001)) and of the fact that the
full-calibrated p-values are PRDS (Bates et al., 2023) (see definition below);

e Theorem [2.3]for the iid model is a consequence of Corollary 3.5 in [Marandon et al| (2024);

o Theorem [2.4] for the iid model is a consequence of Corollary 3.7 in Marandon et al.| (2024)).

Below, we extend these arguments to the case of the conditional model with class-calibrated p-values. The main
technical tool for the proof is Lemma (for comparison, we also recall Lemma that was obtained for the
iid case with full calibrated p-values). On an intuitive point of view, the main idea of this extension is that,
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(Yots

conditionally on (Y});c[ntm], each class-conditional conformal p-value p; ) depends on the p-values of the

same class (QDS‘Y"+ ))]e[m]\{z}:yn +;=Yn., exactly in the same way as for the iid case, and are independent of the

Y"+J)) .

p-values of the other classes (pg FEMIN{E}Yog; £ Y+

Below, we write p; instead of p Yoti)

(recall that ny is the cardinal of D(k)).

cal

for simplicity. Also, n; stands for ny,,, with a slight abuse of notation

B.1 Proof of Theorem [2.2]

It is sufficient to establish the following Simes inequality for class-calibrated p-values:

P(EC € [m), py < ab/m | (Y)jepim) < o (19)

Since the families of class-calibrated p-values are marginally super-uniform (conditionally on (Y, 1i)icm]), see
Proposition and by classical FDR controlling theory (Benjamini and Yekutieli, |2001)), it is enough to prove
that the following PRDS property on m holds: for any nondecreasingEl set D C [0,1]™, the function

U= P((pl)lé[m] €D |pi = U, (ij)jE[n-&-m])v

is nondecreasing for all ¢ € [m].

Proposition B.1. In the conditional model, the family of class-calibrated p-values is PRDS on [m].

The proof relies on the general property of Lemma[C.7] establishing that per-group PRDS for independent groups
yields entire set PRDS.

Proof. Let us work conditionally on (Y}),cjn4m) and consider the partition of [m] given by G = {j € [m]

Y,4+; = k} then we know that for each k € [K], (pj)jec, is a family which is PRDS on G, (Bates et al., 2023).
In addition, the p-values (p;)jec, and (p;)jec,, are independent for k # k', because the calibration samples are
not the same for each (since we use class-calibrated p-values). Hence, we can apply Lemma to conclude. [

B.2 Proof of Theorem [2.3]

To establish the result, we use the well known relationship between the Simes inequality and the FDR control
of BH procedure under the full null, see, e.g., § 2.2 in Barber and Ramdas (2017). Let us denote for any

y= (yi)ie[m] € [K]™
U(p(y)) = max{l € [m] : p(y) < al/m}, (20)
(with the convention ¢(p(y)) = 0 if the set is empty) the number of rejections of the BH procedure (Benjamini

and Hochberg, (1995) associated to the p-value family p(y) = (pg z')) . Observe that, y ¢ Cil'gipes
if Z(p(y)) > 1. In addition, the latter holds if and only if >~;c(,, l{p(y‘ < (a/m)(1V £( (y)}=1V Z(p(y))

if and only

Therefore, denoting p = (p;)ic[m) the family of class-calibrated p-values, we can express the non-coverage prob-
ability as follows:

Hp: < (a/m)(1V (p))} ‘

P((YVti)iem) & Colsimes | (Vi) jeimam) = D ]E[ V(o)

i€[m]

]6 n+m]] (21)

Consider p’ = (p});eim) the vector defined in Lemma (v) with in addition p}; = p; for j € [m] : Yoyj # Yot
Combining Lemma (v) with Lemma we obtain

{pi < al(p)/m} = {p; < al(p')/m} C {{(p) = U(p)}.

“A set D C [0,1]™ is nondecreasing if for x = (z;)1<j<m € D and y = (y;)1<j<m € R™, (Vj € [m],z; < y;) implies
y€D.



Powerful batch conformal prediction for classification

Hence, by letting L; = 1V £(p’) € [m], which is W;-measurable (as defined in Lemma , we have that
can be written as

m 1{p; < (a/m)L;
P((Yn+l)2€[m] ¢ C(X7Si1nes | (}/})]e[n+m]) = Z E|: { L/ } ]6 n+m]:|

1€[m]

(pi < (a/m)Li | W)
> ]E{ — ‘ (V) jetmsom |
i€[m] ‘

Now, by Lemma (ii), we have P(p; < (a/m)L; | W;) = % = (a/m)L; if (n; + 1)(a/m) is an
integer for all ¢ € [m]. This finishes the proof.

B.3 Proof of Theorem [2.4]

Recall A\, = %7_:“11” for k € [K]. For short, we sometimes write in this proof A;, m; and n; instead of Ay, _,,
my, ., and ny, ., respectively, for all i € [m]. Also, we write x instead of k((Yy44)iem]) and my instead of
mk((YnJri)iE[m])'

Let G(p) = mo((Ynti)ieim)) = £(1 4+ 21, 1{p; > Ai}) the estimator of mg at the true point (Y;,44)icm] given
in (L6]) (this means that this proof deals with the general case and not only the simple Storey estimator described

in (L1)). Similarly to (21), we have

a/G(p))(1V i(p))}
1V {(p)

B(Yoicind # Cotnsimes | (G)ycent) = 30 B[ FLEL

1€[m]

‘ (Yj)je[nﬂn]}

for Z(p) = max{{ € [m] : pyp < of/G(p)} (with the convention Z(p) = 0 if the set is empty). Now we use
Lemma and the notation therein, and we observe that

(pj)jemmniiy = ((Pi)jerm\{i}:Yars=Ynrir P5)jemmlvay,;2Vars) = (Yilpis W), (Ps)jeim] Var s £V is)

(with some abuse of notation in the ordering of the vector) is a function of (p;, W;) which is nondecreasing in
p;. Hence, 1/G(p) and 1V £(p) are functions of (p;, W;), say Wa(p;, W;) and W5(p;, W;) respectively, which are
both nonincreasing in p;. Now let

c*(W;) = max N (W;)

NW)={a/(n;+1) : a €[n;+1],a/(n; + 1) < aWs(a/(n; + 1), W;)W3(a/(n; + 1), W;)},

with the convention ¢*(W;) = (n; +1)~1 if N(W;) is empty. Since 1V Z(p) > 1V I(c*(W;), (Pj)jepm)\{i})> we have

P(Vassdichm] & Consimes | (V)cintm) ZE[ = b S S | (1) )]

Z E[\I/;; W))W) ’(Yj)je[n+m]}

i€[m

<az [\IJQ 1/(ni + 1), W;)

i€[m]

(Yj)je[n+m]} )

where the first inequality comes from the definition of N'(W;) and ¢*(W;) and from the fact that Ws(c*(W;), W;)
is W;-measurable; the second inequality comes from Lemma 2| (ii); and the third one comes from the fact that
c*(W;) is in N(W;) and ¥y(a/(n; + 1), W;) is nonincreasing in a. Given the notation of Lemma (v), this
leads to

1
P(Vasidictm) # Chiasimes | (F)jelom)) S @ 3 B[ s ], (22)
i€[m

where p’ = (p))je[m) is such that pj = (n; + 1)7", (0))jeim)voy,=var: ~ Li i\(Y3)jensm and for each k # Y4y,
(k) where the distribution of Liv(l/j)je[n+m and LU;/ Victmem A€ defined in Lemma

(p;' )j€iml: Yoy =k ™~ L(Yj )j€lntm
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Also note that (p})jeim):v, ;=vny: and all (p})jcim)v,,,=k» k& # Ynii, are independent vectors, so that the
distribution of p’ is well specified. Now observe that (all expectations/probabilities below are taken implicitly
conditionally on (Y;)cntm])

1 r 1/k
E =FE =
{G(P/)} L1+ Zj:l 1{179 > A}
r 1/k
=K
LU D vy vy =k WG 2 A+ e fiy vy = v, 1S 2 A }}
_gl 1/k

L1+ Zk#,n“ B(myg,vi) + B(m; — 1, Z/Z{)]’

by using Lemma (iii), (iv), where B(a,b) denotes (independent) binomial variables of parameters a and b,
and where v, = U((f()nwrl)kjfl) (with the convention vy, = 1 if [(ng +1)A] < 1) and vj = U(|(n,41)r)) (With the
convention v, = 1if |(n;+1)A] = 0). The latter comes from the fact that for j € [m] such that Y, ; = k # Y, 44,

k k k k
B, > 2 [ (O, U ) =P(S0 s > St > Ao+ D)) = 1| @), 0%))
SEA;

. (k) _ 77(k)
=1-(1- U(L(nkﬂ),\Jq)) - U(L(nwl)/\Jfl)'

Similarly, for j # i such that Yy, 4; = Yiii, P(0) > Aj | (Uqys -« Unir1))) = Ul (nis1)A))-

Now, by Lemma[C.4] we have vy, ~ B(n+2— [(nk +1)A], [(ne+1)A] = 1) and v} ~ B(n; +2— [(n;+ 1A, [(ni +
1)A]). Let v be the random variable

V:(Vz{)mi’/m H (Vk)mk/m.

kA Yt
By the stochastic domination argument of Lemma we have
: | (s
Vi )k#Y 1 Vs
L+ Yy, Blmivie) + Blmg — 1,pf) |77
1
1 + Zk?‘éYnJri, B(m — ].7 14

|

< IE[ ] ‘ (V/c)k;éynw%{} < 1/(mv),

where we used Lemma in the last inequality. As a result,

L

i€[m] i€[m] Ko te
m L Z —(m;—=1)/(m~— 1) H E((Vk)_mk/(m_l)),
i1€[m)] k#Y 4

by using the independence between the variables v}, vy, k # Y,4;. By Jensen’s inequality, the last display is at
most

_1 Z ))(ml—l)/(m 1) H (E((Vk)—l)))mk/(m—l)

1€[m] k#Ynyi

_ _ n; +1 (m;—1)/(m—1) n my/(m—1)
- 1i€z[7:n]ﬁ 1(ni+1—zt(ni+l))\J> H <nk+1—L(nk+1))\J>

k#Y 4

1\ (mi—1)/(m=1) 1 \me/(m=1)
-1 1 — <1
=m 4;]“ (1—>\i) 11 (1—)\k) =5

k#Ynti

because E(v, ') = s e vy v e e and E((v))71) = m by Lemma and by the
definition of k. Combining the latter with gives the result.
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B.4 Proof of Theorem [2.5]

Let us prove the result for the iid model (the proof for the conditional model is similar). Recall the definition of

h
(Dib)icim) = (ﬁgzb ))ie[m] (not depending on z" for the iid model, see Algorithm7 forl<b< Bin Algorithm

Since the scores Sy, (X;), i € [n+4m)], are iid and have no ties, and p-values (p;)icjm] = (pEY”“))ie[m} involve only
ranks between those scores, we have that the variables (p;)icim], 1 < b < B, and (p;);e[m] are iid. This means

that & = &), 1 <b < B, and £ := F((pi);epm)) are iid and thus exchangeable. Letting

B
i=B+) 1+ e <), (23)
b=1

we thus have by Romano and Wolfl (2005)) that P(¢§ < «) < a. Now, we have

m Y‘n, i ~
P((Yoti)iepm) & C) = POE((0Y™ D icim) < EB1nm)) = PE < E(Br1yay)y) =P < @) < a,

which concludes the proof.

C Technical results

The next result is a variation of results in appendices of |Marandon et al.| (2024)); Gazin et al.| (2024b)).

Lemma C.1 (For full-calibrated p-values). Let us consider the scores S; = Sy,(Xj), j € [n+m], and assume
(YnJri)

7 )

them to be exchangeable and have no ties almost surely. Consider the full-calibrated p-values p;i =P
i € [m], and let for any fized i € [m)],

Wi = (A, (Sntj)jemm (it )i
A; = {Sj,j S [?’l]} U {Sn—i-z} =: {ai’(l), . ,ai7(n+1)};

1
U;(u, W;) = <+1 (1{ai,<ru<n+m> <Snrib+ Y Hs> Snﬂ’})) )
JEmN\{i}

SEA;

with a; 1y > -+ > a3 (nt1)- Then we have

(i) P—i == (pj)jemm\fi} 45 equal to Ui(p;, W;) and u € [0,1] — W;(u, W;) € R™! is a nondecreasing function
(in a coordinate-wise sense for the image space);

(it) (n+ 1)p; is uniformly distributed on [n + 1] and independent of W;;

(iii) the distribution of p—_; conditionally on p; = (n + 1)~! is the same as if all the scores were all
itd U(0,1). In particular, this distribution is equal to a distribution D; which is defined as follows:
P, = (P))jeimngiy ~ Di if, conditionally on the ordered statistics Uy > -+ > Ugyqry of an iid
sample of uniform random variables (Ui, ...,Uny1), the variables (p})jepm)\ iy are iid with common cdf
F(z) = (1 = U tmnt1)e)+1)H(n + N t<z<1}+1{z>1}.

(iv) Let (p;-)je[m] such that p, = (n+1)"! and p;- =(Mn+1)7t ZseAi 1{s > S,4;} for j #i. Then, (p;-)je[m] 18
W;-measurable and almost surely, for all j # i, p;. < p; when p; < p; and p;. = p; when p; > p;.

The next lemma adapts Lemma to the class conditional model (with class-calibrated p-values). In a nutshell,
it says that the previous lemma applies within each class and uses the independence between scores of different
classes (conditionally on all the labels).

Lemma C.2 (For class-calibrated p-values). Let us consider the scores S; = Sy,(X;), j € [n+m], and assume

that for all k € [K], the scores S;, j € [n+m] : Y; = k, are exchangeable, independent of the scores S,
(Yn+i)

7 )

j€[n+m]:Y; #k and have no ties almost surely. Consider the class-calibrated p-values pi =D
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Yoti)

i € [m], and let for any fized i € [m], n; = |D§al and

Wi = (Ai, (Snti)jemn it (55)jemlv, #var )i
Ai = 1{8;,5 € DG Y UlSuei} = {as ), @i b

W (u, W) = ( (1{ai,((u(ni+1)1) < Sngjt+ Z 1{s > Sn+j})>
s€A; FEMINE}:Yn s =Ynti

3

with a; 1y > -+ > a3 (n,+1)- Then we have

(1) (Pj)je[m)\{i}:Yns;=Yns: 15 equal to Wi(p;, W;) and u € [0,1] = W;(u, W;) is a nondecreasing function (in a
coordinate-wise sense for the image space);

(i) Conditionally on (Y;) cintm), the variable (n; 4 1)p; is uniformly distributed on [n; 4 1] and independent of
Wi (],nd (pj)je[m]:Y,L+j;£Y,L+i ;

(iii) the distribution of (pj)je(m\{i}:Yns,=Yns: cOnditionally on p; = (n; +1)7" and (Y})jcinim) is the same as
if all the scores were all 4id U(0,1). In particular, this distribution is equal to a distribution £iv(Y7’)j€[n+m]
which is defined as follows: (p;)je[m]\{i}:yn+j:yn+i ~ Eiv(}/j)je[ner] if, conditionally on the ordered statistics
Uy > -+ > U, 41 of an did sample of uniform random variables (Uy, ..., Uy, 41) (independent of everything
else), the variables (D)) jeim)\{i}:Yys,=Y,y: 0re @d with common cdf

F(z) =1 —=U(m+ne)+0)H{mi+ 1) <z <1} +1{z > 1}.

(iv) Fork # Yy, conditionally on (Y})je(n+m), the distribution of (p;) jeim).v,, =k S the same as if all the scores
were all 1id U(0,1). In particular, this distribution is equal to a distribution Lgk) : which is defined

. Y})je[n+m
as follows: (p})jeiml:v, =k ~ £®)

(V) otom) if, conditionally on the ordered statistics U((f)) > > U((SZ) of

an iid sample of uniform random variables (Ul(k), cee U,(Li)) (independent of everything else), the variables

(1) jem):Y,, =k are iid with common cdf
k _
F®(2) = (1= U 11y + 1) <o <1} + 1z > 1},
(v) Let (P})jeim)Yos,=Yny, Such that py = (ni +1)7" and p = (n; + 1)7" 3,4, 1{s > Snyj} for j # i with
Yotj = Yati- Then, (p})jeim):vos;=Yny: 8 Wi-measurable and almost surely, for all j # i with Yy1j = Y4,

p; < p; when p; < p; and p} = p; when p; > p;.

Proof. Let us prove (i), we have for j € [m]\{:} with Y,,4; =Y, 4,

1
= (16 X 182 50))
| cal | + ZEDE:{VH)
1
B M(l + > s > Snes} — 1{Suri 2 Sn+j})a (24)
cal SEA;

which gives the relation because S, 1; = a; (p,(n,+1))- Since the monotonicity property is clear, this gives (i).

Point (ii) comes from the fact that the scores {S;,j € Dg"“)} U {Sn+i} have not ties and are exchangeable
conditionally on all other scores (and of (Yj);e[m4m])-

For proving (iii), we first note that the calibrated p-values are ranks of exchangeable scores with not ties. Hence,
the distribution of the p-value vector is free from the distribution scores and thus is the same as if the scores
were generated as iid U(0,1). Hence, the latter assumption is made for the rest of the proof. Now, by (i), we
have for all j € [m]\{i} with Y,,; = Y, 4, and if p; = (n; + 1)1,

= ——=(1+ Y sz 5.u)),

s€Ai\{a; 1)}
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because a; (1) = Sp4 in that case. Hence, the p;’s, j € [m]\{i} with Y,,;; = ¥4, are iid conditionally on A;
and (Yj) entm]- In addition, the common marginal cdf at a point z is given by

IP’(l + Z 1{s > Spy;} < x(n; + 1)) = IP’( Z 1{s > Spyj} < [z(n; + 1)})
s€Ai\{a; 1)} s€Ai\{a;, ()}
= P(ai,([z(ni+1ﬂ+1) < Sn-i—j)v
provided that 1 < z(n;+1) < n;+1 and the above probabilities being taken conditionally on A; and (Y});e[n+m-
The result follows because we considered uniformly distributed scores.
Point (iv) is similar to point (iii), starting directly from the following relation: for all j € [m] with Y, =k,

P = ! (1+ > 1{szSn+j}),

ng+1
(%) (k)
SE{U(l) ’“"U("k)}

where Ul(k) > > UT(L’Z) are the ordered elements of {S;,j € D(k)}.

cal

Finally, let us prove point (v): first p; < p; is obvious from . Second, if j € [m]\{i} with Y,,4; = Y,,4; is
such that p; > p;, this means S,,1; < S,4; and thus p; = p; from . The result is proved. O

o~

Lemma C.3 (Lemma D.6 of Marandon et al.| (2024)). Write U= L(p) for with any p-value family p =
(Pi)icim)- Fiz any i € {1,...,m} and consider two collections p = (pi)icim) and p' = (p})icim) which satisfy
almost surely that

, p; <p;  ifp; <pi
e [m]’{ Py =p;j ifp;>Dpi (25)

~ ~ ~

Then we have almost surely {p; < al(p)/m} = {p; < al(p')/m} C {{(p) = {(p")}.

Lemma C.4. For Viyy > --- > V| the order statistics of £ iid uniform variables on [0,1], we have for all a € [{],
Via) ~ Bl + 1 —a,a). In addition, if a < £, E(1/V(,)) =£/({ — a).

Lemma C.5 (Klenke and Mattner| (2010))). For Zi,...,Z,, independent Bernoulli variables of respective pa-
rameters v; € [0,1], i € [m], the Poisson binomial variable },c (., Zi is stochastically larger than a binomial

1/m

variable of parameters m and v = [];c (. v

Lemma C.6 (Lemma 1 of Benjamini et al.| (2006)). If T is a Binomial variable with parameter m — 1 > 0 and
v € (0,1], we have
EL/(T+1)]=(0—-0-v)")/(mv) <1/(mv).

The next lemma has been suggested by an anonymous referee. Recall the definition of PRDS given in §

Lemma C.7 (Lemma A.2 of Bogomolov| (2023))). Let (p;)icm] be a p-value family, (Gr)reix) a partition of [m]
and assume the following:

o Independence between groups: for k # k', (pi)ica, is independent of (pi)ica,, ;
e PRDS inside each group: for k € [m], (pi)ica, is a p-value family which is PRDS on Gj.
Then the p-value family (p;)ie[m) is PRDS on [m].

We provide a proof for completeness.

Proof. Fix i € [m] and a nondecreasing set D C [0, 1]™, and prove that the function u — P((p;)icfm) € D|pi = u)
is nondecreasing. Denote k; the unique k such that i € G and let

Driwi)sea,, = {Pi)jecy, €10, 1%+ (p;)jemm) € D}
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which is clearly a nondecreasing (measurable) set of [0,1]%*. By using the two assumptions, we have that
(pi)ieGki is PRDS on G}, conditionally on (p;);¢c, - Hence,

u P((pj)jEGki € Dki,(pj)jgcki |pi = u, (pJ)J¢GkL)

is nondecreasing. We obtain the result by integrating with respect to (p;);¢q, - O

D Computational shortcut for the combinations of conformal p-values method

Computing the batch prediction set for our methods is in general of complexity of order K™ times the cost of
computing the combining function (e.g., order m for Fisher, or mlogm for Simes or adaptive Simes)ﬂ The aim
of this section is to reduce this complexity when the user only want to report lower/upper bounds for m(Y),
k€ [K] (8). We also discuss the issue of reconstructing the batch prediction set from these bounds.

D.1 Shortcut for computing the bounds

Naively computing the bounds [f&k), u(ak)], k € [K], in , which are derived from the Simes conformal prediction
set in or its adaptive version in , results in an exponential complexity of O(K™). This quickly becomes
impractical for large batch sizes. To address this issue, we introduce a novel shortcut that allows for a more
efficient computation of these bounds, with a computational complexity of at most O(K x m?).

This shortcut applies to both the full-calibrated and class-calibrated conformal p-values. Proposition [D.1] shows
that it is exact when K = 2 and the scores produced by the machine learning model are probabilities. However,
when K > 2 or when arbitrary scores are used, the shortcut becomes conservative, potentially yielding wider
bounds but never narrower ones. This ensures that the coverage guarantee of at least 1 — « probability is
maintained.

Algorithm |[3| provides the pseudocode for the shortcut to compute the bounds [&(f), u((lk)] derived from the (adap-
tive) Simes conformal prediction set.

Algorithm 3: Shortcut for computing the bounds [&(lk), u&k)], k € [K], with (adaptive) Simes predition set.

Input: Full-calibrated or class-calibrated conformal p-values (ng))ie[m],ke[ K], level a € (0, 1), an estimator
mo(p) that is monotone in the p-values p = (p;)ig[m)-
for each k € [K] do

Sort (pgk))ie[m} in decreasing order and store as a; > ... > amy;
Sort (max{pl(j),j # k})ie[m) in decreasing order and store as by > ... > by;
for each v € {m,...,0} do
(q1y- s qm) < (a1, yap, b1, o bm—y);
Sort (gi)ic[m) in increasing order and store as (1) < ... < q(m);
Py < min (mog(q) qe), L € [m]>
end
0P min(v € {0,...,m} : hy i > a);
ul) max(v € {0,...,m} : hy i > a);
end

Output: [Egk),u&k)}, k € [K]

Proposition D.1. For any a € (0,1), let [E,(f),u(ak)], k € [K] be the bounds defined by , derived from the
Simes prediction sets in (@ or its adaptive version in . Algorithmlg returns the bounds [g&k),ﬁ((f)] such
that Z&’“) < E&k) and ﬂ((xk) > u&k) for all k € [K], with a computational complexity of at most O(K x m?). In
addition, when K = 2 and the scores produced by the machine learning model are probabilities, i.e., Sk(xn+i) =

1—S3_g(znyi) for k € {1,2} and i € [m], it holds that Z&’” = &(Nk) and ﬂ,(xk) = ugk) for all k € [K].

5In general, the cost of computing the p-value family (pgk), k € [K],i € [m]) is negligible wrt K™.
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Proof. First, let us establish that the time complexity of the algorithm is O(K x m?). To produce the sorted
concatenation of two sorted vectors ay,...,am—; and by,...,b; takes linear time, i.e. O(m). This merging
process, which generates the sorted concatenation, is repeated m + 1 times for each k. As a result, for each k,
this step contributes O(m?), leading to an overall complexity of O(K x m?).

We first discuss the case where 1o = m, meaning the estimator is the constant m. Let p = (p;)ie[m] denotes a
vector of p-values, with the sorted values represented as p(;) < ... < p(p). Simes’ test is defined as Fyimes(P) =
min (%p(g),é € [m]) This test is monotonic, meaning that if p < q componentwise (i.e. py) < g for all
i € [m]), then Fgimes(P) < Fiimes(q)-

By definition, v & Ny (Cgimes) If Fsimes(P(y)) < a for all y € [K]™ such that my(y) = v, for any v € {0,...,m}.

Then, for some q = (gi)ic[m) With @ > p(y) for all y € [K]™ such that my(y) = v, Fsimes(q) < o implies
0 & Ni(Cllsimes)- However, Fiimes(q) > o does not necessarily imply v € Ny (Cllgimes)-

Given k and v, Algorithm 3] identifies a suitable vector q = q, 5 such that q > p(y) for all y € [K|™ where
mg(y) = v. Then we let

./\N/'k = {'U S {0, e 7m} : FSimeS(qU7k) > O[},

which ensures A} 2 Ni(Cll'simes) The resulting bounds are given by [i&k),ﬂ&k)] = [min N, max N], which
guarantees that i <6 and @ > ul for every k € [K].

We now need to demonstrate that Algorithm [3| produces a vector q such that q > p(y) for all y € [K]™ such
that mg(y) = v.

For any y € [K]™ such that my(y) = v, the vector p(y) consists of v conformal p-values p(k),...,p(k) and

il Ty
1('1],1)1’ . ,pl(-fn’"””)7 where i1,...,i, is a permutation of [m] and ji,...,jm—v € [K]\

{k}. If we consider the vector p(7), which is formed by pgf), . ,pgf) and the maximum values max(pl(ﬁl, j#
(4)

piu+7n

m — v conformal p-values p

,J # k), we can conclude that p(g) > p(y). Since the vector q in Algorithm [3|is constructed

using the largest v values from (pgk))ie[m] and the largest m — v values from (max(pl(j),j # k))ie[m), it follows
that q > p(g) > p(y) for all y € [K]™ such that my(y) = v. This establishes the conservativeness of the shortcut

for K > 2 and for any scores produced by the machine learning model.

k), ..., max(

If K = 2 and the scores produced by the machine learning model are probabilities, then we have the relation-
ship Si(Tn4i) = 1 — S3_p(Tnys) for k € {1,2} and ¢ € [m]. Given this relationship, there exists a permu-
tation 41,...,4, such that the sequence Sk(.’l;n+ij1) <...< Sk(:vnﬂ»jm) is nondecreasing, while the sequence
Sg_k(xn+ij1) > ... > 83 p(®py;, ) is nonincreasing. Consequently, the ranks of Sk(2nij,),. -, Sk(Tnis,,)
within the set (S, (Ij))jepélgi will be nondecreasing, while the ranks of Ss_x(zn+j,),- -, S3—k(@Tntj,,) Within

the set (S, (glcj))jE

follows that pgf) <...< pz(-fn) and ng_k) > .2 pz('i,_k)'

J

p-m Will be nonincreasing. Since these ranks are proportional to the conformal p-values, it

Consider y € [K]™ such that my(y) = v. Let the vector p(y*) consist of the v largest values from (pz(-k))ie[m],

Efb)7v+l, . ,pgf}. Consequently, the remaining m — v values in p(y*) are pgf’_k), . ,pgi:lz), i.e. the
(3—k)

largest m — v values from (p;” " )igim)- Thus, we have p(y*) > p(y) for all y € [K]™ such that my(y) = v.
Furthermore, by construction, q in Algorithm 3| is equal to p(y*). Therefore Fsimes(q) < « if and only if
Faimes(P(y)) < a for all y € [K]™ such that mg(y) = v. This establishes the exactness of the shortcut when
K =2 and Sk(zp4i) =1 — S3_g(wn4s) for k € {1,2} and i € [m].

specifically p

The validity of the shortcut for the adaptive version of Simes follows from the required monotonicity of the
estimator: if p(y) < q, then mo(p(y)) < 7o(q) holds for any y € [K]™. This, combined with Fa_gimes(P(y)) < «
if and only if Fgimes(P(v)) < ma/mo(p(y)) yields the desired result. O

D.2 Extension to other combining functions

Algorithm presents a more general approach for any p-value vector combining function F(p), which is symmetric
and monotone in the p-values p = (p;)ie[m]- It requires the empirical threshold ¢ = £(|(p4+1)a)) from Theorem
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which depends on (my)re(x) in the conditional model, i.e. t = t(c, (m)re[x]). The proof that Algorithm
yields conservative yet valid bounds is analogous to the previous result and is therefore omitted.

Algorithm 4: General shortcut for computing the bounds [€£¥k),u&k)}, ke [K].

Input: Full-calibrated or class-calibrated conformal p-values (pl('k))ie[m],ke[ k], level a € (0,1), p-value vector
combining function F'(p) that is symmetric and monotone in the p-values p = (p;)ic[m) and the
corresponding critical value ¢ = t(c, (mx)re[x])-

for each k € [K] do

Sort (pgk))ie[m] in decreasing order and store as a; > ... > ay;

Sort (max{pij),j #* k})ie[m] in decreasing order and store as by > ... > by;

for each v € {m,...,0} do

(Q1a .. 7q’m) — (a17' .. 7a1)7b17' .. abm—v);
Sort (gi)ie[m) in increasing order and store as q(1) < ... < q(m);
hv,k — I{F(Q) > min{t(aamk = vamj)aj 7é k}}

end

o min(v € {0,...,m} : hy > 0);

ul max(v € {0,...,m} : hyp > 0}

end

Output: [ﬁgk),u&k)}, k € [K]

D.3 Batch prediction set reconstruction from the bounds
As described in the previous subsections, from the bounds [f&k), u&k)], k € [K], it is straightforward to produce
a conservative batch prediction set CJ' such that CJ' O CJ'. The cardinality of the conservative set C]' is the
sum of all valid assignments of (m1,...,mg) occurrences, where o) <my < ul) for each k € {1,..., K}, and
mi + -+ mg = m, with each valid assignment counted by the multinomial coefficient ( :

= m
ICa'l = > ( >
mi,ma,..., MK

(mq,...,mK): Ei(:l mg=m,
£ <my <ulP) VEe[K]

For the reading zip code example, from Table [l we derive the bounds [ﬁ&k)7u&k)] with a = 0.05, which are as
follows:
[1,2], [0,0], [0,0], [0,0], [1,1], [0,2], [0,2], [0,0], [0,1], [0,0] for k=1,...,10.

The assignments (my,...,mig) that satisfy m; + ...+ mio = 5 and E((lk) <my < u&k) for each k € {1,...,10}
are ten:
(1,0,0,0,1,0,2,0,1,0), (1,0,0,0,1,1,1,0,1,0), (1,0,0,0,1,1,2,0,0,0),
(170’070717270707170)7 (17070’071727 170’070)7 (27070707 1707 1707170)7
(2, 0,0,0,1,0,2,0, 0,0), (270, 0,0,1,1,0,0, 1,0)7 (2,0,0,0,1,1,1,0,0, O),
(2,0,0,0,1,2,0,0,0,0).

The corresponding multinomial coefficients are 60, 120, 60, 60, 60, 60, 30, 60, 60 and 30, respectively. This
results in a cardinality of the conservative set |C~gf31mes| = 600, compared to |C{}'g;..| = 6 given in Table |1} This
indicates that reconstructing the prediction set solely from the bounds is quite imprecise. For instance, the
assignment (2,0,0,0,1,2,0,0,0,0) corresponds to ( 5 ) = 30 vectors of size 5, which include two 0Os,

2,0,0,0,1,2,0,0,0,0
one 4, and two 5s.

While égy is not accurate in general, we can combine this information with individual conformal prediction sets
Cl",, i € [m] to allows for a more accurate batch prediction set reconstructed from the bounds. For this, specific

shortcuts can be investigated to compute the individual conformal prediction sets C[",, i € [m]. More specifically,
for Simes’ method, we can always use the Bonferroni individual prediction set to obtain a new batch prediction
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set from the bounds both with low complexity that can only improve over C'p,, . In addition, the following
example shows that this improvement can be strict: we see this as an important ‘proof of concept’.

For the example of one batch of the CIFAR dataset given in Figure [6] with m = 10, K = 3, and a = 0.1, the
Bonferroni individual conformal prediction sets C, are {3} for ¢ = 8 and {1,2,3} for i = 1,2,3,4,5,6,7,9, 10.

On the other hand, the Simes bounds [&(f),u&k)] are [0, 8], [0,9], and [1,10] for k = 1,2, 3, which improve upon
Bonferroni’s [0,9], [0,9], and [1,10]. Consequently, the vector (1,1,1,1,1,1,1,3,1,1) must be excluded from
Ci'Bont because it violates the constraint that the number of 1s must not exceed 8.

D.4 Simulation results for large batches of test points

In order to demonstrate the feasibility and usefulness of the shortcut, we carried out simulations with test samples
of size m € {200,2000}. Specifically, we considered the Gaussian multivariate setting described in § with
classes one and two only. The calibration sample has an equal number of examples from each of the two classes.

Table [4] shows results for the case that the test sample has an equal number of examples from each of the two
classes. Since the calibration set in each class is 400 examples, the smallest possible class conditional conformal
p-value is 1/401, so the Bonferroni adjusted p-value is at least m-1/401 and the lower bounds are zero. However,
Simes and modified Simes have informative lower bounds, and the tightness of the lower bounds increases with
the SNR. The computational complexity is very reasonable, running in less than 0.01 seconds for m = 200, and
in 0.20-0.22 seconds for m = 2000.

m = 200 m = 2000
Storey- Storey-
SNR |Bonf Simes Simes|Bonf Simes Simes
1.00| 0.00 1.12 2.13| 0.00 9 20

1.50| 0.00 6.98 10.56| 0.00 62 103
2.00| 0.00 23.31 26.70| 0.00 212 253
2.50| 0.00 40.73 41.85| 0.00 413 428
3.00| 0.00 58.02 57.60| 0.00 729 730
3.50] 0.00 73.28 72.85| 0.00 830 829
4.00| 0.00 84.19 83.83| 0.00 830 829
4.50| 0.00 90.75 90.22| 0.00 897 896

Table 4: The average lower bound for class one at each SNR, for m = 200 (columns 2-4) and for m = 2000
(columns 5-7), at level @ = 0.1, for the following p-value combining functions: Bonferroni, Simes, and adaptive
Simes using Storey’s estimator (see detailed data generation in text). The fraction of test sample examples from
class one is half. Based on 100 simulations.

Table [5] provides results when the distribution of the classes is uneven in the test sample. As in the setting of
Table [4] Bonferroni’s combination method provides only trivial lower bounds so it is not shown. We also omit
adaptive Simes since the performance is very similar to that of using Simes combining function. With Simes
combining function, we see that as the fraction of test samples from class two increases or the signal strengthens,
the probability of detecting that there are examples from class two increases and the expected lower bound
increases. The detection of a lower bound being positive is important in many application. For example, in
ecology, this is proof that an animal population is not extinct in an area. In medicine, the detection of evidence
that a treatment can be positive (class one) in some patients but negative (class two) in other patients suggests
a qualitative interaction that can prompt further investigation.

E General p-value combining prediction set algorithm for the iid model

In § we provided the most general method of obtaining 1 — « level prediction sets using combinations of
conformal p-values. Algorithm [I] shows the construction for the class conditional model. Its computational
complexity is B times the number of unique frequency distributions of [K]™ vectors. For completeness, we
provide in Algorithm [5] an algorithm for the iid model, which requires only B permutations.
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Fraction in test sample | Average lower bound | Probability of non-zero lower bound

SNR from class one class 1 class 2 class 1 class 2
2 1 61.9 0.004 1.000 0.002
0.95 57.9 0.258 1.000 0.1334

0.9 54.0 1.225 1.000 0.4242

0.7 37.39 10.12 1.000 0.9909

3 1 133.6 0.008 1.000 0.004
0.95 126.3 2.028 1.000 0.680

0.9 118.3 7.242 1.000 0.9756

0.7 88.05 31.99 1.000 1.000

4 1 175.7 0.006 1.000 0.003
0.95 166.3 4.828 1.000 0.9832

0.9 157.0 13.24 1.000 0.9999

0.7 119.9 47.88 1.000 1.000

Table 5: The average lower bound (columns 2 and 3) and probability that the lower bound is non-trivial (columns
4 and 5) using the Simes combination function, for each class at SNR=3, for m = 200, at level o = 0.1. For each
SNR, each row has a different relative frequency of the number of examples from class one (in the calibration
set, half the examples are from class one, see text for details). Based on 10000 simulations.

Algorithm 5: Constructing a 1 — « level batch prediction set, using combinations of conformal p-values, for
the iid model

Input: Number of examples in the calibration set n; combining function F’; level a € (0, 1); number of permutations

B; conformal p-values (péy")

for each b € [B] do
Generate a random permutation m; of [n + m];
Compute null conformal p-values:

)1€[m]

T+ Hm(j) = m(n+14)}
n+1

Dib

for ¢ € [m];
Compute combined statistic:
& < F((pip,i € [m]));
end
Compute threshold:
t = & (Br)al);
where {1y < ... < {(p) are the ordered test statistics and £y = —o0;
Construct batch prediction set:
Clle = {y = (Ui)ictm) € [KI™ = F((0")iepm) 2 t};
Output: Batch prediction set C;r.

F Additional numerical experiments

F.1 Gaussian multivariate setting

We provide more results for the data generation described in § Figure {4] shows the data available in one
data generation. Table [6] shows the batch prediction set for this batch using Bonferroni at o = 0.1, as well as
the Bonferroni and Simes p-values for each y in the batch. Had the analyst used Simes instead of Bonferroni at
a = 0.1, the batch prediction set size would have been 25% smaller.

Table |7| adds the median and the oracle adaptive Simes procedure, that uses respectively with £ = [m/2]
and mo(y) = mo(y) as estimator, to the comparison in Table [2| Tt also provides the estimated non-coverage for
each method. Using oracle adaptive Simes is by far the best, but this is not a practical method since mg(y) is
unknown.

Table [§] provides the average sum of lower and upper bounds for the three classes by the different methods. The
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Figure 4: Tllustration of one data generation with SNR = 2.5. The batch of six test samples are in black. There
are 400 calibration examples from each class (class one in green, class two in red, and class three in blue). At
a = 0.1, the size of the prediction set using Bonferroni and Simes is 32 and 24, respectively.

goal in the comparisons in this table are two fold. First, to assess how conservative the shortcut suggested in
§|§| for computational efficiency is. Using Simes (columns 3 and 4), it appears that the shortcut produces almost
the same exact bounds for low SNR, and the inflation (i.e., smaller lower bounds and higher upper bounds with
the shortcut) for high SNR is tiny. Using adaptive Simes (columns 6 and 7), it appears that there is a light
inflation for all SNRs, and it is larger than using Simes. The second goal is to compare the efficiency of each
combining method. For this purpose, we also provide Table 5| that includes the estimated LRT but is based on
a smaller number of simulations (since the bounds take 100 times longer to compute with the estimated LRT).
As expected, the bounds using Simes are tighter than using Bonferroni, but the advantage is small. A more
pronounced difference is with respect to oracle Simes, but it is not a practical method since mq(y) is unknown in
practice. The bounds using Fisher is worse than other methods for SNR > 2.5, and better for the upper bound if
SNR < 2. The bounds using the estimated LRT tend to be the tightest among the practical methods considered.

F.2 USPS and CIFAR data sets

To obtain a visualization different from the one of § Figure [5] displays the averaged size of batch prediction
sets as well as an estimation of the coverage in function of « in the same setting as Figure[2] The conclusions are
analogue. The fluctuations of the coverage around « in Figure [f|for the Bonferroni, Simes and Storey procedures
is due to the uncertainty of the empirical estimation of the coverage.

F.3 Survey animal populations for CIFAR data set

In this section, we illustrate the task of predicting the counts for each category (task (ii) in the main text) for
the batch displayed in Figure [f] The lower and upper bounds for the number of each animal in this batch are
given in Table [I0] As in the previous section, while the improvement of the new methods are significant for the
size of the batch prediction sets, it is more modest for the bounds.

F.4 Full versus class calibrated p-values under label shift

In this section, we illustrate the importance of the class conditional model and the conditional guarantee with
the CIFAR dataset. The calibration sample is of size n = 2000, with 10% of birds, 30% of cats and 60% of dogs.
The test sample is m = 5 with 2 birds (40%), 3 cats (60%), hence without dogs. They are both drawn without
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Yi=1Y,=1Y;3=2Y,=2 Ys=3 Ys=23|Bonf Simes
1 1 2 3 2 3(10.12 0.07
2 1 2 3 2 31012 0.07
1 2 2 3 2 3012 0.07
2 2 2 3 2 310.12 0.07
1 1 3 3 2 3(10.12 0.07
2 1 3 3 2 3(10.12 0.07
1 2 3 3 2 31012 0.07
2 2 3 3 2 3012 0.07
1 1 2 2 2 31012 0.12
2 1 2 2 2 31 0.12 0.12
1 2 2 2 2 31012 0.12
2 2 2 2 2 31012 0.12
1 1 3 2 2 31012 0.12
2 1 3 2 2 31012 0.12
1 2 3 2 2 31 0.12 0.12
2 2 3 2 2 31 0.12 0.12
2 2 3 3 3 31015 0.12
1 2 3 3 3 31015 0.12
1 1 2 3 3 310.15 0.15
2 1 2 3 3 310.15 0.15
1 2 2 3 3 310.15 0.15
2 2 2 3 3 310.15 0.15
1 1 3 3 3 310.15 0.15
2 1 3 3 3 310.15 0.15
2 2 3 2 3 310.33 0.16
1 2 3 2 3 31033 0.19
2 2 2 2 3 31033 0.24
2 1 3 2 3 31037 0.24
1 2 2 2 3 31033 0.33
1 1 3 2 3 3037 0.37
2 1 2 2 3 3] 048 0.48
1 1 2 2 3 3 1 0.65

Table 6: The batch prediction set using Bonferroni at o« = 0.1, as well as the Bonferroni and Simes p-values for
each y.

replacement in the CIFAR data set. While the distribution of X given Y is the same, there is a significant label
shift between the calibration and test samples. Hence, using full-calibrated p-values is not appropriate and we
should rely on class-conditional p-values to retain the guarantees and thus the (1 — a)-coverage under this
specific data-generation process.

The coverage of the different approaches are approximated with 1000 replications and reported in Figure[r] This
corroborates the theoretical findings: the full calibrated approaches can miss the nominal coverage by a lot in
this case, whereas the class calibrated approaches ensure the correct coverage.

F.5 LRT computation time

Table [11] provides the time to compute one batch prediction set for different methods with the CIFAR and USPS
datasets, averaged over 500 simulations and in the simulation setting of §[4:2] As one can see, the LRT is by far
the most computationally demanding method.
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Expected size of batch prediction set
Storey Median Oracle

Probability of non-coverage
Storey Median Oracle

SNR| Bonf Simes Simes Simes Simes Fisher LRT |Bonf Simes Simes Simes Simes Fisher LRT
1.001410.52 384.66 327.55 346.09 160.22 274.36 277.58| 0.10 0.10 0.10 0.10 0.10 0.10 0.11
1.50(217.69 187.36 142.98 154.47 70.56 107.85 113.88| 0.09 0.09 0.10 0.09 0.09 0.10 0.10
2.00| 81.63 65.52 49.12 50.35 26.32 37.40 37.76| 0.08 0.08 0.09 0.09 0.08 0.09 0.10
2.50| 23.51 17.98 15.08 14.53 9.05 14.60 11.91| 0.10 0.11 0.11 0.11  0.11 0.10 0.11
3.00] 642 535 5.18 4.90 3.57 7.78 4.35| 0.08 0.09 0.09 0.08 0.09 0.09 0.09
3.50| 246 224 227 2.21 1.79 520 2.02| 0.08 0.08 0.09 0.09 0.08 0.08 0.09
4.00| 139 1.34 1.37 1.38  1.22 4.38 1.28| 0.08 0.08 0.08 0.08 0.08 0.08 0.09
4.50| 1.07 1.06 1.08 1.09 1.08 4.03 1.03| 0.09 0.09 0.09 0.09 0.09 0.10 0.09

Table 7: The average batch prediction set size at each SNR (columns 2-8) and probability of non-coverage
(columns 9-15) for the batch conformal prediction inference at level a = 0.1, for the following p-value combining
functions: Bonferroni, Simes, adaptive Simes using Storey’s estimator and the median estimator (see detailed
data generation in text), oracle Simes, Fisher, and the estimated LRT. In bold, the (practical) combining method
that produces the narrowest prediction region (oracle adaptive Simes is in italic). Based on 2000 simulations. For
a single data generation, the average running time on a standard PC was less than 0.05 seconds for all methods
but the estimated LRT, which has an average running time of 5.7 seconds.

Table 8 Sum of average lower bounds Zizl o (rows 1-8) and upper bounds 22:1 U

Shortcut Oracle Storey Shortcut Storey
SNR/| Bonf  Simes Simes  Simes  Simes Simes Fisher
1 10.1735 0.1799 0.1799 0.3056 0.1601 0.1598 0.0959
1.5 [ 0.5731 0.5923 0.5923 0.8769 0.5998 0.5973 0.4691
2 | 1.3846 1.4423 1.4423 1.898/ 1.4692 1.4665 1.3304
2.5 | 2.6567 2.7494 2.7494 5.2361 2.7424 2.7375 2.4744
3 ]3.9335 4.0222 4.0222 /.4062 3.9831 3.9718 3.4714
3.5 | 5.0332 5.0740 5.0740 5.2971 5.0384 5.0297 4.2149
4 | 5.6546 5.6741 5.6725 5.7897 5.6505 5.6431 4.6495
4.5 | 5.9349 5.9403 5.9320 5.9729 5.9112 5.9031 4.9124
1 |16.4065 16.2350 16.2350 14.6186 15.9986 16.0034 15.5516
1.5 [14.6781 14.3764 14.3764 12.8131 14.1638 14.2222 13.6339
2 [12.3595 11.9946 11.9946 10.8056 11.9328 12.0616 11.6715
2.5 110.0392 9.7815 9.7815 9.007 9.8433 9.9388 10.0506
3 | 8.2403 8.0921 8.0921 7.6426 8.1661 8.2092 8.8527
3.5 | 6.9937 6.9344 6.9348 6.7016 6.9844 6.9952 8.0839
4 |6.3479 6.3242 6.3280 6.2107 6.3514 6.3611 7.6670
4.5 | 6.0651 6.0595 6.0693 6.0271 6.0884 6.0979 7.4120

(k)

(rows 9-16) of
22:1 mg(Y) = 3 at each SNR for different batch conformal prediction inferences at level @ = 0.1. Estimation
with an average over 10000 replications. The most informative practical bound has highest lower bounds / lowest
upper bounds among the practical methods (in bold). Oracle Simes is in italic.
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Sum of the average lower bounds Sums of the average upper bounds
Storey Estimated Storey Estimated

SNR | Bonf Simes Simes Fisher LRT Bonf Simes Simes Fisher LRT
1 ]0.21 0.22 0.20 0.13 0.14 16.41 16.21 15.96 15.54 15.47
1.5 10.58 0.59 0.60 045 0.55 14.66 14.32 14.14 13.60 13.45
2 136 1.41 1.46 1.32 1.55 12.34 12.01 11.94 11.70 11.37
2.5 |2.58 2.67 270 247 2.81 10.07 9.83 9.83 10.04 9.57
3 [14.03 4.10 4.05 3.49 4.25 8.16 8.03 811 8.86 7.92
3.5 [5.00 5.06 5.05 4.22 5.20 7.04 6.96 6.99 8.09 6.85
4 1567 570 565 4.64 5.76 6.33 6.30 6.35 7.67 6.25
4.5 1593 594 593 4.95 5.98 6.07 6.06 6.07 7.38 6.02

Table 9: Sum of average lower bounds 22:1 o (columns 2-6) and upper bounds Zi:l ul) (columns 7-11) for

Z‘Z:l mg(Y) = m at each SNR for the different batch conformal prediction inferences with average batch size
presented in Table 2] at level o = 0.1. Estimation with an average over 2000 replications. The most informative
bound has highest lower bounds / lowest upper bounds (in bold).

Simes Bonf. Storey Median Fisher LRT
Bird|0;9 0;9 0;9 0;8 0;8 0;7
Cat [0;10 0;9 0;9 0;8 0;8 0;9
Dog |0;10 0;10 0;10 0;10 0;10 0310
Size | 27216 39366 24459 20680 12653 11313

Table 10: Bounds for the particular batch of Figure @ from the CIFAR data set at level a = 0.1. The number of
birds, cats, and dogs in the batch is 5, 3, and 2, respectively.

Targeted coverage
USPS dataset CIFAR dataset
0.99 0.95 0.90|0.99 095 0.90
Simes |0.027 0.027 0.026 |[0.008 0.007 0.006
Bonf. [0.024 0.023 0.023|0.003 0.003 0.003
Storey [0.030 0.030 0.030{0.005 0.005 0.005
Median [0.028 0.027 0.027]0.004 0.004 0.004
Fisher |0.072 0.072 0.072]0.015 0.015 0.015
LRT [5.690 5.668 5.656|7.475 7.461 7.507

Table 11: Mean time (in second) over 500 replications of different procedures (in rows) and for different targeted
1 — « (in columns). The setting is the same as the one in §
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Figure 5: Top: averaged coverage of the batch prediction sets in function of « for different procedures. Bottom:
averaged size of the batch prediction sets in function of « for different procedures. Same setting as for Figure
The standard error for the USPS dataset is below 0.013, and is below 0.014 for the CIFAR dataset.
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Figure 6: One batch of the CIFAR dataset (Krizhevskyl, 2009).
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Figure 7: Estimated coverage for class calibrated p-values (left) and full calibrated p-values (right) in the label
shift setting described in §[F.4] The estimated standard errors are below 0.009 with the class-calibrated p-values,
and are all below 0.014 with the full-calibrated p-values.
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