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This supplementary file contains additional materials for the proofs
as well as the proof of Propositions 1-3 and Theorems 3—4; a study
of ¢-values and g-values; inequalities for the thresholds of the corre-
sponding BMT procedures; properties of the moment functions m,
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S-1. Intermediate lemmas used in the proof of main results. In
the sequel we freely use that s, < n" as assumed in the main results of the
paper. We assume that the function ¢ satisfies the assumptions from (44)
up to and including (48) (recall that this is in particular the case if g arises
from a convolution g = 7 ¢ for v satisfying (17)—(19), which is the case in
the Bayesian setting with a slab density 7).

We start by two basic lemmas on wg = wo(n, M), wy = wi(n, M, 0y,v),
wy = wa(n, M, 0y, v), quantities introduced in (66), (73), (74), respectively.

LEMMA S-1.  Let wq as in (66) with M > 1 arbitrary. Let m be defined by
(62). Then, for an integer No(g) > 0, and constants c; = 1/m(1), ca = ca(g),
we have for all n > Ny(g),

1
%fn(Mq/n) < w < %fn (\/MCQ/?”&) .
In particular, for any M € [1,logn], for C1,Cy depending only on g,
Clx/logn < wp < lognec2 flogn
n - - n

PROOF. Lemma S-23 gives m(w) 2 w® for any ¢ > 0. Setting ¢ = 1
and using the equation defining wg, that is nwem(wg) = M, leads to wy <
(CM/n)'/2. Reinserting this estimate into 77 in the equation defining wy (by
using that m is increasing by Lemma S-21) gives the first upper bound of the
lemma. Next, one notes that m(w) < m(1), which leads to wg > M /(nm(1)).
Reinserting this estimate into m in the equation defining wg gives the first
lower bound of the lemma.

To prove the second display of the lemma, one notes that the fact that
log g is Lipschitz and g(u) < (1 + u?)~! by (47) imply for w small enough,

C(w) e M) S im(w) S ((w)<.
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Using the first display of the lemma together with Lemma S-14 on ¢ and
1 < M <logn leads to the result. ]

LEMMA S-2. For M > 0 and v € (0,1), there exist an integer Ny =
No(v,v,9) > 0 and r = r(v,v,g) € (0,1) such that for all n > Ny and
0o € lolsn], if a solution wy = wi(n, M,0,v) of (73) exists, then

T

wog <wp <n.

PrROOF. The lower bound follows from the definition of wg and w;. For the
upper bound, one uses the definition of w; and the global bound |m; (u, w)| <
1/(w A ¢1) (which follows from Lemma S-20) to get,

a0

> (1 —v)(n—og)m(wy).

w1 N ¢y

As m is increasing and m(w) 2 w® for arbitrary ¢ € (0, 1) (see Lemma S-23),
one gets (wi Acy)'T¢ < Cog/n < Cs,/n. Using s, < n? gives the result. [

LEMMA S-3 (Bernstein wyg). There exist an integer No = No(g,v) > 0
and Cy = Cy(g) > 0 such that the following holds for all n > Ny and
0o € Lo[sn]. Let M € [1,logn] and wo as in (66). Let v € (0,1) and assume
(68) (which is implied by the fact that (67) has no solution). Then the MMLE
estimate W satisfies

(S-1) Py (0 > wp) < e~Cov*nuwoi(wo) — o=Cov®M

PROOF OF LEMMA S-3. One first notes the almost sure equality of events
{ > wo} = {S(wp) > 0}. This follows since S is (strictly) decreasing and
continuous on [0, 1] (except in the case that g(X;) = ¢(X;) for all ¢ which
happens with probability 0). Then, with P = Py,, E = Ey, as shorthand,

P > wo) = P(S(wo) > 0) = P(S(wo) — ES(wo) > —ES(w))
< P(S(wo) — ES(wo) > v(n — og)m(wp)),

as ES(wo) = e, M1(0o,i; wo) — (n— ao)m(wo) < —v(n — og)m(wp) using
(68). Now, the score function equals S(wp) = >, B(X;, wp), a sum of
independent variables. One applies Bernstein’s inequality (see Lemma S-42
and notation therein) to the variables W; = 8(X;, wo) — EB(X;, wp). Note
that [W;| < 2/wg =: M as |B] < (wo Aer)™! = wy' by Lemma S-20 for n
large enough (indeed, wg goes to 0 with n by Lemma S-1). Also,

V.= ﬁ;Var(Wi) S zn:mz(eo’i, wo).

i=1
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One splits the last sum in two. Consider (o = 87! (wg 1) the pseudo-threshold
associated to wy. Using Corollary S-28 (recall as noted above that wy goes
to 0 with n), with My the constant therein, combined with (68), one gets

C
Z m2(90,i,w0)§72 Z m1 (6o, wo)

. wo .
2: |00’i|>M0 7: |90,i|>M0

Cy . Cy
< w—(l —v)(n —og)m(wgy) — — Z m1(0o,i, wo)
0 0 1 O<|90J|§M0
2C
< Z2(1 — v)nan (wp),
wo
because p € Ry — my(p,wp) is nondecreasing (see Lemma S-21) and
bounded from below by —m(wp).
For small non-zero signals, one uses Lemma S-26 to get, with ¢y := ((wo),

B(¢o — |00
> ma(oswe) <C Y M

®(Co — Mo)
; ; wo wg 7
2 0<‘90@‘§M0 (8 0<|9071|§M0

) < Coy
and one uses ®(Co— M) < Cp(o—Mop) /o < C'eMo0p(¢p)/Co. With Lemma

S-23, one gets ¢(¢)/¢ < wg(¢)/¢ < wm(w)/¢" for small w, so that

57,eM0%0 i (wy) < nm(wp)

ngy wo 7 (Fwo

> ma(foi,wo) <

(B 0<WO,'L‘SMO

Y

where we use that s,eMo% /n < C| as follows from s, = O(n) and ¢ < logn
(combining Lemmas S-1 on wy and Lemma S-14). With A = (n—og)vm(wy),
one gets, for n > Ny,

V+ %MA < y2 v2 < v2
A? ~ nwom(we)  nwom(wo)¢§ ™ nwem(wp)’

An application of Bernstein’s inequality (see Lemma S-42) now gives (S-1).
L]

LEMMA S-4 (Bernstein wy,wa). There exist an integer Ny = No(g,v) >
0 and C1 = Ci(g) > 0 such that the following holds for all n > Ny and
0o € lolsn]: for v € (0,1), suppose that a solution wy of (73) exists, and let
wy be the solution of (71). Then the MMLE estimate W satisfies

(S2) Pl ¢ wg,wy]) < e O monin) o o=Cuvtnwaiiuz)
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PROOF. One bounds successively each of the probabilities P(w > wy)
and P(w < wg). The first bound is obtained in exactly the same way as
in the proof of Lemma S-3, with wqg replacing w;. We note the two minor
differences: ES(w1) = > ;g m1(00,i, w1) —(n—09)m(w;) now equals —v(n—
oo)m(wy) by the definition (73) of wy. Then bounds on my can be carried out
in the same way — now evaluated at w = w; — as in the proof of Lemma S-3.
We note that w; goes to zero with n by Lemma S-2. This means that we can
use the bounds of Lemma S-26 and Corollary S-28 as in the proof of Lemma
S-3. Further, if ¢; := ((w;), we have ¢; < (o, so one also has s,,eMo¢ /n < C
using the corresponding bound for (3. This shows the desired result for w;.

For ws, one proceeds similarly. If ws = 0 the result is immediate. Other-
wise we have {0 < wao} = {S(w2) < 0}. Again, one applies Bernstein’s in-
equality to the score function S(w) = Y1 | B(X;, w) and set W; = B(X;, wa)—
m1(6o,i,w2). As W; are centered independent variables with |W;| < M and
S Var(W;) < S E[B(Xi,w2)?] =: Va, for any B > 0,

En:WZ'< -B

=1

1 1
P gexp{—532/(v2+*MB)}.

3

One can take M = c3/w, using Lemma S-20. Set B = > | mq(0o,i, w1).
By definition of wg in (74), we have

B = —(n—oo)in(ws) + Y _ m1(0o,, w2) = v(n — o) (ws).
€S0

The term V5 is bounded in a similar way as in the proof of Lemma S-
3, using the bounds of Lemma S-26 and Corollary S-28. As for w; above,
one notes that, if (o = ((ws), one has s,e™0¢2/n < C as, using Lemma
S-5, we have w1 < wa, so that we 2 1/n and (o < /logn. One obtains

~ ~

Va < (nwem(wg))~! which leads to

1 _
Vé + gMB < 1% 2
B2 ~ nwem(ws)’

and the desired bound on wsy is obtained. O

LEMMA S-5. Letv € (0,1). There exist some integer N = N (v,v,g) > 0
and C' = C(v,v,g) > 1 such that, for alln > N and 6y € y[sy,], if (73) has
a solution wi, the solution we of (71) verifies

(S—?)) wl/C S w9 S wi.



PROOF. The behaviour of wi,wy for a given specific true signal 6y is
determined through properties of the function

Hy, (w) =Y m1 (00,5, w)/m(w).
IS

This function is decreasing, as w — m1 (0o, w),1 < i < n, and w — Mm(w)~*
both are, by Lemma S-21. It suffices to show that for an appropriately large
constant z > 1 (possibly depending on v, g,v), for n large enough,

(S-4) Hy, ( 1) > 1+VHeo(w1),

Indeed, by definition of wy, wy, one has Hy,(w2) = (1 +v)(n — o) = (1 +
v)(1 —v) " Hp,(w1). So, if (S-4) holds, Hg,(ws2) < Hg,(w1/z) which in turn
yields wg > wi/z by monotonicity.

Now, (S-4) is obtained in two steps. First, one shows that appropriately
small signals do not contribute too much to the sum defining Hy,, so that one
can replace the sum in (S-4) by a sum Hy , to be defined now, on large signals
only. For w € (0,1) and K > 1,set Co(w, K) ={1 <i<n:|6y;| > ((w)/K}
and

Hp (w, K) = Z mi (0o, w)/m(w).
1€Co(w,K)
Set K9 =4/(1 —v). By Lemmas S-1 and S-2, both w; and w;/z belong to
the interval [1/n,1/logn], provided z < (logn)'/* (which will be the case
below). Let us now use, with K1 = K3/2 and D > 0, both Lemmas S-30
and S-31, and z = z(v, v, g) a constant to be chosen below,

i (2) 2 1) () 2.1
> O/ (2K2) e o (w1, K2/1.1) — C'ntP

> C’z(l_”)/SHgO (w1, K1) — C'n'=P,

where in the last inequality one uses that K — Hy, (w, K) is nondecreasing
by definition. Using Lemma S-30 again now shows that, for D > 0,

| Hg, (w1) — Hg, (w1, K1)| < C'n' =P,
One deduces that, for C' the constant in the one but last display,
H@ ( ) >(Cz (- U)/SHQ (w1)+o( )
z

Since Hy, (wl) = n by definition of wy, the latter is bounded from below by
(C/2)20=v)/8 Hy, (wl) for n large enough. Taking z = {max((2/C),1)(1 +
v)/(1 —v)}3/(=Y) shows (S-4) and the proof is complete. O
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S-2. Auxiliary proofs.

S-2.1. Proof of Proposition 1. For any multiple testing procedure ¢,

FDR(0, p)dIL,~ (0) = Ex.g [Z?ﬂ 1{0: = O}w] .

BFDR(p; w,7) —/ VST o
=117

For ¢!, using the chain rule E[-] = E[E[-| X]], one gets

W] _ & [Z:‘Ll Ei(X)]l{exX)sCz}]
1V, @t LV Ly x)<a)
<aP(Fi: (X)) <a).

BFDR(¢%w, ) = Ex [

For (9, conditioning this time on the variables ¢?(X),...,¢%(X) and using
that for the prior II,, 4 the conditional distribution of 6; | X only depends on
X; for all i, so that E[1{0; = 0} | ¢f,...,¢hlel = P(6; = 0| ¢! = 1)¢! as.,
one obtains

" P(6; = 7 — 1)?
BFDR(¢% w,v) = Ex [Zz:l ( 0] )%}

1V 3 ¢
2ima P(i =0 a:(X) < a)]l{qi(X)ga}}
LV L) <o)
Now observe that from (49), ¢;(X) < « if and only if |X;| > ¥(a), for

some function ¥ such that ¢(¥(a);w,g) = a (namely, ¥ is the inverse of
u € (0,00) = q(u;w,g)). Now, the result follows from

:EX[

P(0i =0]qi(X) <o) = P(i = 0]|X;| = ¥(a)) = ¢(¥(a);w,g) = a.
Finally, the relation between (25) and (26) comes from Lemma S-10.

S-2.2. Proof of Proposition 5. For the ¢-value part, we use Lemma S-40:

¢ (§(r(w, 1))
§(r(w,t))

which provides (59) because ¢ (&(r(w,t))) = r(w,t)g ({(r(w,t))) by defini-
tion of £(+). Next, if (r(w,t)) > 1, that is if r(w,t) < (¢/g)(1) using (53),

¢ (§(r(w, 1))
§(r(w,t))

which provides (60). The g-values part follows from the definition of x.

Poy—o(6i(X) < 1) = 28 (£(r(w, 1)) < 2

Ppo=o(Li(X) <t) >



S-2.3. Proof of Theorem 5. We prove the result first for EBayesq. Recall
that the exact number of nonzero coefficients g of 0y is s, by definition of
Lo[sn]. Set b = (a+1)/2 > 1 and let A be the event, for K,, < s, to be
specified below,

A= {#{i € So, |Xi| > b{21og(n/sn)}/2) > s, — Kn} .
If A° denotes the complement of A,
AC = {#{i € So, |X:| > b{21og(n/sn)}/2} < sn — Kn}
= {#i € So. 1X| < b{2log(n/s.)} %} > Ko }

c {#i € So, [5il > (0 — b){2log(n/s)} 2} > Ko } =€,
where we have used X; = 0p; + ¢; to get |e;| > [0ps| — | X;| by the triangle
inequality. Let ¢ = v2(a — b) > 0. By looking at the indicator variables

Zi = ligj>a, With z, = c{log(n/sn)}/?, one can translate the event C in
the last display into an event for a binomial trial, leading to

P AT < P B, (n,) > K]
6oeLo [Sn]

Let p, = 2®(x,,), then using the expression of z,, above,

P < 20(2n) [2n < Clsn/n)* 2 /(cy/log(n/sn)),

which goes to 0 with n as s,/n — 0.
Let K,, = max(2s,pn, sn/10g sy,). By Bernstein’s inequality, see Lemma
S-42, as K,, > 2s,p, and Zieso Var(Z;) < Snpn,

> Zi> K,

1€Sp

P <P

> (2 ) > K,/2| <e . K
i Pn n — X — o1 /e . . Y
b P 8 K1, /6 + Sppn

i€Sp

which is less, using s,p, < K,,/2 again, than exp(—CK,), which goes to 0
with n, since K, > s,/logs, — 00. So, we have obtained Py [A°] = o(1),
uniformly over 6y € Lo[sy).

Now one can follow the proof of Theorems 1 and 2 and consider the
fundamental equation (67), for some fixed 6y € Lo[sy], and n large enough.
The lower bound on w is given here by wq in (66), for some M = M, that
we choose as M,, = min(cysy, logn), so that M,, — oo and ¢y a small enough
constant to be chosen below.
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Consider both sides of the equation (67) at the point w = s,/n. On
the one hand, by definition of Lo[s,], we have |0 ;| > a{2log(n/s,)}/? for
i € Sp. Lemma S-14 implies ((s,/n) ~ {2log(n/s,)}'/?, so one can apply
Lemma S-29 (recall y — mq(u, w) is even for all w) for a small € > 0 to get,
for large enough n,

> mi(bo,sn/n) > (1—¢) (sS;n)

i€So n
On the other hand, the right hand side of (67) equals (1—v)(n—s,)m(s,/n) =
o(n), since m(w) goes to 0 as w — 0. Recall that ;s mi(6o;,1) is
bounded from above by a constant times s, (as mi(6p;,1) is bounded, see
Section 8.3.1) and that (1 — v)nm(1) is of the order n. Combining the pre-
vious inequalities, the intermediate values theorem shows that (67) has a
solution, at least on [s,/n,1), for n large enough.

To show that wy exists, it is enough to check that the solution also belongs
to [wp,1). We distinguish two cases. If wg < s,,/n then this is obvious by
definition. In case wy > s, /n, let us evaluate both sides of (67) this time at
w = wy. First, using the second display of Lemma S-1 (compatible with the
present choice on M,, = min(cysy,logn)) combined with Lemma S-14 on (,
one gets, for arbitrary € > 0 and using wg > s, /n, that

C(wy) < (14 ¢€)v/2log(1/wg) < (14 ¢€)+/2log(n/sn),

for large enough n. Deduce that one can apply Lemma S-29 as (14 p)((wp) <
|60,i| for small enough p. In particular

=(1—¢e)n.

Z m1(007,~, w()) > (1 - E)Si
i€So wo
On the other hand, the right hand side of (67) is (1 — v)(n — sp)m(wp) =
(1 —=v){(n—sy)/n}M,/wy by definition of wy. As M,, < cosy, this quantity
is thus smaller than the last display, provided ¢y is small enough. By the
same reasoning as above, this shows that the solution to (67) indeed belongs
to [wop, 1), so w; exists.
Now that we have the existence of wy, the fact that w = s, /n cannot be
a solution of (67) (for n large enough) and the monotonicity of both sides
of (67) show that w; > s, /n, for n large enough. Using the same argument
with equation (74) leads to wy > s, /n, for n large enough.
As (67) has a solution, we can use the properties of the proof of Section 8
in this case (referred to as Case 2 in that proof). In particular, (78) provides
for some constant C' > 0,

sup Dy, (w ¢ [wa,w]) < 2¢~CMn
00E€Lo[sn]
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Let us introduce the event Qy = AN {w € [wa,w;]}. By the previous
bounds, we have Py, [Q2§] = o(1), uniformly over 6y € Lo[sy]. Note that, on
the event (g,

x(r(w,t) < ¢(0) < ¢((w2)

using Lemma S-15 and the monotonicity of ((-). We have seen that here
wy > 8p/n, so ((we) < ((sp/n) and combining with the equivalent of {(w)
as w — 0 from Lemma S-14, one finally gets x(r(w,t)) < c(2log(n/s,))"/?
for any ¢ > 1 for n large enough, so in particular for ¢ = b as defined
above. One deduces that on €, the ¢g-value procedure p*** rejects the null
hypotheses corresponding to the (at least s, — K,) indices ¢ in Sy such that
1 X:| > b{2log(n/s,)}/?, because b{2log(n/s,)}*/? > x(r(w,t)) by using
the previous bounds and the definition of the event A.
Combining the above facts, we obtain

sup FDR(907 Soq_val(t; 71), g))

00€Lo[sn]

_ g, | 2z Hboi = 0je™(t;10, )

= sup o 1v Zn q-val(t- ~ )
OoE€Lo[sn] i=1¥ W, g

< sup FEy,
0oE€Ly [sn}

|:Z’?=1 1{90,i - O}QP‘Pval(t; w,g)

1v Z?:l ol (t 1, g) 1{90}:| + 0(1).

Therefore, since ¥ (t;w, g) makes at least s, — K, correct rejections, that
is, #{i € So : I (t;w,9) =1} > s, — Ky, we derive

sup FDR(fg, ")
Qoeﬁo[sn]
P {60 = 0} (t;
< sup Ey, [ n 2izt Lo, q.val}% (s n)
0o€Lo[sn] Z’[:l ]1{90,1' = 0}%’ (t;w1) + sn — Ky,
SUPgyeLo[sn)] E'90 [Z?:l ]1{0071' = O}QOg_val(t; wl)]
SUPg, e £ofsn] Boo [2oizt 1{00.i = 0}i ™™ (t;w1)] + 50 — Ky,

] +0(1)

(S-5) < +o(1),

by concavity and monotonicity of the function z € [0,4+00) — x/(z + 1).
Now combine (61), Lemma S-16 and Lemma S-23 to get for any ¢ € (0, 1),
for any 6y € Lo[sn],

Egy | > 1{00: = 0}l ™ (t;w1) | = (n— sp)r(wy, 1) 2G (x(r (w1, 1))
i=1

(14 e)t(1 —t) rwi(n — s,) 2G (C(wy))

<
<(1+ g)gt(l — t)_l(n — Sp)wim(wy).
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Next, since wy is a solution of (67), the latter is bounded above by
(1+e)°(1L=v) 1= " Y wima(Bo,wr) < (1+e)*(L—v) Ht(1—1)'sp,
IS

by using that m;(-,w) is always upper-bounded by 1/w for small w, see
Lemma S-21 (recall that w; goes to 0 with n by Lemma S-2). Putting this
back into (S-5) gives for n large enough,

, 1+e)’(1—v)"'t(1—t)""s,
FDR(f, ¢") <
o B0 0"™) = 220 = 2) (1 = 1) Tsp + 5 — K.,

+o(1).

As K, = o(s,) as shown above, taking the limsup as n — oo and then

-1
letting €, v go to 0, we get, observing that t(tl(it)it_)lﬂ =1,

lim sup FDR(f, p™"™) < t.
n HOECO[Sn]

Let us now turn to prove

(S-6) lim inf FDR(A, ™) > t,
n 00€Lo[sn]

which will lead to the conclusion. Fix some 0 € (0, 1) and for any 6y € Lo[sy]
consider w; and wy the associated solution of (67) and (741), respectively.
The fact that both exist has been seen above. Let Q1 = {w € [we,w;]}, then

inf  FDR(6p, ")

90€£0[Sn]
v
> inf E 1 1{Q
_9061210[8"] % |:V;1+8n { 1}:|
, Eg, V(1 —0)
> f 04 1{Q Y 1{|V, — Ey V.| < SEy. V.
>, nt By | e @ LIV, ~ BVl < 0BV}

where we have denoted Vy, = Y"1 | 1{fy,; = 0} (¢; wo), which is a Bino-
mial variable. Similarly to the upper bound, combine (61), Lemma S-15 and
Lemma S-23 to get for any € € (0,1) and 0y € Lo[sn],

Egy Vg = (n — sp)r(w2,t) 2G (x(r(w2, 1))
> t(1— 1) rwa (1 — w2) " (n — sn) 2G (C(w2))
> (1 —e)t(1 — ) wa(n — sp) 2G (C(ws))
(1—e)%t(1 —t) Y (n — sp)wam(ws).

AV
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Now using that ws is a solution of (74) and Lemma S-29, we obtain

Eg Vg > (1—e)*(1+v) (1 —t)" Z wa m (0o, wa)
i1€Sp
> (1—e)*(1+v) (1 — 1) ts,.

Next, observe that by Chebychev’s inequality, the supremum over 6, €
Lo[sn] of the following probability

Varg, (V;) 1
P, — Ep V| > 6By, V) < 0r 2 <
90(|Vq 0o q’ > ) q) = 52(E90Vq)2 = (52E90Vq

goes to 0, because s, tends to infinity. Combining the above facts leads to

inf FDR(6, o™) > (1—-eP31 -0 +v)" (1 —t)7!

0€Lo[sn] - (1 _ 6)3(1 _ 5)(1 + Z/)flt(]_ — t)fl 1 + 0(1),

and the result is proved by taking the liminf in n and then 4, €, v tending to
Zero.

Finally, to prove the result for EBayesq.0 one notes that by the previ-
ous arguments w belongs to [wi,ws] with probability tending to 1, and
wg > $p/m, which is larger than 2w, by assumption. Deduce that the
event {w > wy} has probability going to 1 so the procedures EBayesq and
EBayesq.0 coincide with probability going to 1, which proves that EBayesq.0
also satisfies the desired property.

S-2.4. Proof of Theorem /. Since the denominator in the definition (39)
of the FNR is a constant, and as ¢g-values are more liberal than ¢-values, it
is enough to prove the result for ¢-values, i.e. that FNR(fy, o“**') goes to 0
uniformly over 6 in the set Lo[s,]. As we work with 6y in Lo[s,], we are in
the setting of the proof of Theorem 3. We now recall some elements from that
proof that are helpful here as well. First recall the notation ¢ = v/2(a—b) > 0
and

2n = cflog(n/s,) /2, pn = 20 ().

Setting K, = max(2s,pn, Sn/1og s, ), it has been seen in the proof of Theo-
rem 3 that for the event

A= {#{i € So, [Xi] > b{2log(n/su)}"/?} 2 80— Ko}

one has, uniformly over Lo[s,], that Py, [A°] = o(1). It was also shown that if
further Qo = AN {w € [wa, w1]}, then Py [Qf] = o(1) uniformly over Lo[sy]
as well as wy > s, /n.
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Combining the previous facts implies ((w) < ((w2) < ((s,/n) as well as
¢(w) > ¢(wy). The definition of w; as solution of the fundamental equation
(67) implies that wy is smaller than an arbitrarily small constant for n large
enough, by Lemma S-2.

From (S-19) in Lemma S-16, one deduces

2| log (ﬁ) |+ C
¢(w)
By combining with the previous upper and lower bounds on ((w), one ob-
tains £(r(,t)) < C(s,/n) 4+ C" on Qp, so that £(r(w, 1)) < y(2log(n/sy))/?
for any y > 1 for n large enough, by Lemma S-14. By definition of the
event A above, one deduces that the f-value procedure ¢*¥* rejects the null
hypotheses for the (at least s, — K,, by definition of the set A part of )
indexes i € Sy such that |X;| > b(2log(n/s,))"/? with b= (a +1)/2 > 1.
One deduces that, uniformly for 6y € Lo[sy],
D1 W0 # 0}(1 — (X))

Sp V1
o(1).

which is a o(1) as by definition K,, < max(2s,py, $n/log s,) = o(s,), which
concludes the proof of Theorem 4.

§(r(w, 1)) < ((w) +

FNR(6, o) < Ep,

1QO + Pgo (Qo) .

<Kn/\sn
— s, Vvl

S-3. Basic properties of ¢—, g— and p—values. Let us assume that
g satisfies (44) throughout this section. Recall that this assumption holds in
particular whenever g is of the form g = ¢ x v as in the Bayesian setting.

LEMMA S-6. The q-value functional (15) has the explicit expression

(1 — w)®(lz))

A= w)o(al) +wa(a) * <& vl

q(z;w, g) =

PROOF. The latter comes from the fact that, for s > 0 and by symmetry
of v and ¢,

P(Xi] 2 ] 6; = 0) = P(ler] = s) = 28(s),

P(IXi| > 5|6 £0) = /P(|61 +ul > s)y(u)du = /(<I>(s ) 4+ B(s + u))y(w)du
) / B(s — w)y(u)du = 2 / / Ly s ey () du(x)da
_9 / / 1 ey (v — 2)dvi(z)dz = 2 / 1(scuyg(v)dv.
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O]

LEMMA S-7.  For any fized x € R, the l-value functional £(z;w,g) (13)
and the q-value functional q(x;w, g) (15) are both nonincreasing in w.

PROOF. This is immediate from their explicit expression. O
LEMMA S-8.  Under (46), log G is Lipschitz on R

PROOF. We have (log G)' = —g/G. Now using (46), we have (¢/G)(z) =<
217" (z — 00). This provides that (log G) is a bounded function. O

LEMMA S-9. Assumption (48) implies (419).
PROOF. Let us consider the function

Uiue 0 1/2HG(<1>‘1(U)):/0o o(z)dz.

T (w)

This defines a continuous function on [0,1/2) by setting ¥(0) = 0. For all
u € (0,1/2), we have ¥'(u) = %(6_1(11)), which means by (48) that ¥ is
decreasing on (0,1/2) and therefore ¥ is strictly concave on (0,1/2). This
implies that u € (0,1/2) — ¥(u)/u is decreasing and thus that z € Ry —
G(x)/®(z) is increasing by letting u = ®(x), x > 0. Moreover, since co =
lim, o+ ¥'(u) = lim,_,o+ ¥(u)/u = lim, o G(z)/®(x) and G(0)/®(0) =1,
(19) is proved. O

LEMMA S-10.  Assume that g comes from (15)—(48). For w € [0, 1], the
functions x — £(x;w, g) and x — q(z;w, g) are symmetric and decreasing on
Ry. For allz € R, w € [0, 1], we have q(z;w, g) < l(x;w,g). In particular,
qi(X) < 4;(X) almost surely.

PROOF. The first claim comes from the explicit expressions of ¢(z;w, g)
and ¢(z;w, g) together with (48) and (49), respectively. Now, denoting P
the probability operator in the Bayesian setting, a simple relation is that for
all z € R,

q(z;w,g) = P(0;i = 0] | Xi] > [z])
(1{6; = 0} [ [Xi| > |=])

=F

=E[P(0; =0 X;) | [Xi| > |2]]
= Bl6i(X) [ |1Xi| > |z]]

< l(z;w,9),

by using the monotonicity of z — ¢(x; w, g). O
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Figure S-1 shows how the choice of the prior influences the quantities g
and G. The Laplace calculations are done thanks to Remark 1. Strikingly,
while the quantities g stays of the same order (which guided the choice
a = 1/2), the difference for G is more substantial.

05

0.4

02 03
I |

1 2
I

0.1

— gCauchigLap
© - - GbarCauch/GbarLap

0.0
I

0 2 4 6 8 10

FiG S-1. Plots of the functions g and G for the quasi-Cauchy and Laplace (a = 1/2)
priors respectively (left) and ratio (right).

Figure S-2 below shows how the parameters w and g interplay in the
quantities ¢(x; w, g) and £(z;w, g): for large values of |z| (which play a central
role in the multiple testing phase), the quantity ¢(x;w, g) decreases as the
prior puts its mass away from 0, that is, making the tail distribution heavier
or increasing w.

REMARK 1 (Explicit expressions for Laplace prior). The Laplace prior
of parameter a > 0 is given by

(S-7) Y(@) = Yal@) = (a/2) e, zeR.
Straightforward calculations show, for v as in (S-7),

g(z) = (a/2)ea2/2 (e_amE(a: z)+e"P(a+x));
ole)/o0) = (a/2)

Pla—z) ®(a+ a:))
G(z) = (1/2) e? /2 (e7®(a—z) — e ®(a+ 1)) + P(z).

9

Ha—z)  dlata)

S-4. Threshold properties. We henceforth assume that ¢ satisfies
(44)—(48). In this section, all the non-universal constants appearing in the
results depend on g.
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w = 0.01

2.0
2.0

1.0 15
I
1.0 15
I

— IvalCauch/ivalLap
- -+ qualCauchiqvalLap

— WalCauch/lvalLap
- -+ - galCauch/qualLap

0.0
0.0

0 2 4 6 8 10 0 2 4 6 8 10

Fic S-2. Plot of the functions x — £(x, g, w) and x — q(z, g, w) for different values of w
and g (see text, top) and ratio (bottom).

S-4.1. Link between &, x and ¢. Recall the definitions (53)-(55)-(56) of
the thresholds &,(, x. We start by a simple connection between ¢ and &.

Namely,
ﬁgg - ﬁ(<)1+ = 1w 1) = w/ (L w)
(5-8) C(w) = (¢/9) " (w/(L+w)) = E(w/(1 +w)),

which implies in particular that {(w) > {(w). The next lemma relates these
quantities to x(w).

LEMMA S-11. For any w € (0,1), we have x(w) < &{(w) < ((w).
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PROOF. From the proof of Lemma S-9, by concavity @(571(u))/u >
%(571@)) holds for any u € (0,1/2). Any x > 0 can be written 671(u) for
u € (0,1/2), so for such = we have (®/G)(x) < (¢/g)(z). As ®/G is decreas-

ing by (49), so is its reciprocal, which implies x > (®/G)~1((¢/g)(z)). The
inequality follows by setting z = (¢/g) 1 (w) = &£(w). O

S-4.2. Bounds for &, x and C.

LEMMA S-12.  Consider & as in (53). Then for C = (21)Y/?||g|lee we
have for u € (0,1] small enough,

(S-9) §(u) > (—2logu —2logg ( —210g(Cu)) — 10g(27-r)) 2 :

(S-10) &(u) < (—210gu —2logyg (\/ —4log u) — log(27r)>1/2 :

We also have the following sharper bound: for u € (0,1] small enough,
(S-11)

1/2 1/2
E(u) < (210gu —2logg <<210gu + 5A(—log u)1/2) ) - 10g(27r)>

1/2

In particular, £(u) ~ (—2logwu)’* when u tends to zero.

PRrROOF. Now fix u € (0,1]. Since ¢(&(u)) = g(&(u))u, we have ¢(£(u)) <

llgllcow which implies £(u) > /—2log(Cu), so g(&(u)) < g (\/—2log(0u))

for u small enough. This in turn implies ¢(£(u)) < ug (\/—QIOg(Cu)) and
thus (S-9). Conversely, using (45), g(|z|) > g(0)e 2l for all 2 € R and
thus ¢(|z|)/g(|z]) < (g(0)v/2m)~te=="/2eMel < e=2*/4 for || larger than
a constant, which in turn provides |z| < /—4log(¢(|z])/g(|z])) and thus
o(|x])/g(|x]) < (g(O)\/2%)_1e‘x2/26A\/f4logw('“”‘)/g(‘x')). On the one hand,
this gives that if u is small enough, ¢(£(u)) > g(0)ue Av—4losu g

1/2
&(u) < (—210gu + 4A(—log u)'/? — 21og g(0) — log(27r)> /
1/2
(S-12) < (—2 logu + 5A(—log u)1/2)

As g decreases on a vicinity of oo, we have g(£(u)) > g (v—4logu) for u
small enough. Hence,

B(E(w)) = (9(6(w)/g(¢(w))) g (v/~4logu) = u g (/~dlogu).
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which leads to (S-10). To get (S-11) we use the same reasoning as above
with the bound (S-12) instead of v/—4logu. O
LEMMA S-13.  Consider x as in (56). Then we have for all u € (0, 1],

(S-13)

—1( = (=1
) =3 (uG (37 W)):
(S-14)

1/ = 12 1/2
x(u) <o uG (72 logu + 4A(—logu)™/~ + C) for u small enough,

and C = —2log g(0) — log(27). We also have the following sharper bound:
for some constant C' > 0, for u € (0,1] small enough,

(515) () > (~21og (uT (T '(u))) ~ loglog(1/u) — ") 2

PROOF. Let u € (0,1]. Since ®(x(u)) = G(x(u))u, we have ®(x(u)) < u
and thus x(u) > 5_1(u), which in turn implies ®(x(u)) < G(®
(S-13). Conversely, as x < £ by Lemma S-11, using the bound on &(u) just
above (S-12) in the proof of Lemma S-12,

x(u) <€&(u) < (—2 logu + 4A(— log u)1/2 —2logg(0) — 10g(27r)) 2 ,

so the relation x(u) = E_I(G(X(u))u) leads to (S-14). Let us now prove
(S-15). First observe, by using (51), that G(x(u)) = e~*X(#), Next using the
upper bound (S-12) on ¢ > x leads to uG(x(u)) > u? for v small enough.
Now, by the second part of Lemma S-40, for v small enough,

x(@) =& (Glx(w)u)
> {21og(1/{uG(x(u))}) — loglog(1/{uG(x(u)}) — C}
> {210g(1/{uG(x(w))}) — loglog(1/u?) — C}'/?,

for some constant C' > 0, which gives the result.

1/2

O]

LEMMA S-14.  Consider ¢ as in (55). Then for a constant C' > 0, we
have for w small enough,

(S-16) C(w) > (—2logw —2logyg ( —210g(Cw)) - 10g(27r))1/2;

(S-17) C(w) < <—21ogw —2logyg <\/—510g w) + C) 1/2.
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We also have the following sharper bound: for w € (0,1] small enough,
(S-18)

1/2 1/2
C(w) < <—2logw —2logyg ((—210gw+6/\(—10gw)1/2> ) —i—C’) )

1/2

In particular, ((w) ~ (—=2logw)™'* as w tends to zero.

PROOF. The result follows from Lemma S-12, combined with the relations
C(w) > &(w) and ((w) = &(w/(1 + w)) established above. O

S-4.3. Relations between &(r(w,t)), x(r(w,t)) and ((w). Let us recall
the definition r(w,t) = wt/{(1 —w)(1 —t)}, see (52).

LEMMA S-15.  For any t € (0,1), for wy = wo(t) small enough, for all
w < wp, we have x(r(w,t)) < {(w).

PROOF. Denote by T'(u) = (—2logu + 4A(—log u)'/? + 0) 2 the term
appearing in (S-14). By (S-14) and Lemma S-40, for u small enough,

x() < (uG (T(u))
< {(2108(1/u) — 2108 G (T(u)) — loglog(1/u)) }''*.

Now using that G(y) > D g(y) for y large enough (see (46)), we have for u
small enough,

x(u)? < 2log(1/u) — 2log D — 2log g (T'(u)) — loglog(1/u).

Hence, for w small enough, denoting R = (1 — ¢)(1 — w)/t and recalling
r(w,t) = w/R via (52), and using (S-16) together with assumption (45),

X(r(w, £))* = ¢(w)?
< 2log(1/r(w,t)) —2log D — 2log g (T (r(w,t))) — loglog(1l/r(w,t))

+2logw + 2log g <{—2log(Cw)}1/2> + log(2m)

<2log R+ 2A ){—mog(cw)}l/? ~ T (r(w, t))‘ — loglog(1/r(w, 1)) + C,

for some constant ¢’ > 0. Now using |v/a — vb| = |a — b|/(v/a + Vb) one
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gets, for w small enough,
[{~21og(C)} '/ =T (r(w, 1))|
)2log r(w,t)/(Cw)) — 4A(—logr(w,t))1/2 -C
B {2log(1/(Cw))}/?
1 1-—
oy (Mest0 =01
(log 1/w)"/
As a result, for w small enough and smaller than a threshold wg(t) (de-
pending on ¢ in a way such that log(1/w) > log?((1 — t)/t) as well as

loglog(1/w) > 2log R + C"” for a large enough constant C” > 0) we have
x(r(w,t))? — ¢(w)? < 0 and the result holds. O

LEMMA S-16. There exists some constant C = C(g) > 0 such that for
all t € (0,1) there exists wo(t) such that for all w < wy(t),
< 2‘ log (v )‘ +C
~ G(w) +&(r(w, 1)

Furthermore, for all e > 0 and t € (0,1), there exists wo(t,e) such that for
w S wo (ta 5)7

(S-19) [C(w) = &(r(w, 1))

9(&(r(w,t))) :

(S-20) o(Cw)) <1+s¢
_ Glx(r(w, 1))

(S-21) é(C( ) <1l+4e.

PROOF. Let us set

1/2
Si(w) = (—210gw + 6A(—log w)1/2>

and Sa(w) = y/—2log(Cw) the terms appearing in the bounds (S-18) and
(S-9), respectlvely Using these bounds, one obtains
&(r(w, ))?

C(w)?* -
< 2log(r(w,t)/w) + 21og g(Sa(r(w, t))) — 2log g(S1(w)) + D
< 2|log (t/(1—1))| + D/,

for w smaller than a threshold depending on ¢, by using that log g is Lips-
chitz and proceeding as in the proof of Lemma S-15 to bound the difference
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|S1(w) — Sao(r(w,t))| by a universal constant. Conversely, by using (S-11)
and (S-16), we have, with S3(w) as Si(w) except that 6A is replaced by 5A
and Sy(w) as Se(w) with C as in (S-16),

E(r(w, 1))? = ¢(w)?
< —2log(r(w,t)/w) — 2log g (S3(w)) + 2log g (S4(w)) + D"
<2|log (t/(1—1t))| + D",
as above, which leads to (S-19) by using a® —b% = (a—b)(a+b). Next, (S-20)
is a direct consequence of (S-19) by using that log g is Lipschitz. Finally, let

us prove (S-21). By Lemma S-15 and the bounds (S-18) and (S-15), we have
for w < wy(t) and S;(w) as above,

0 < ¢(w)? = x(r(w,t))”
< —2logw — 2log g (S1(w)) +C

+ 2log {r(w, t)G o 5_1(7“(10, t))} + loglog{1/r(w,t)} + C’
—1

T )y

< [21og(t/(1 = 1))| + D +loglog{1/r(w, 1)} + 2log {Gog (S1(w)

Next, we have

s (TS - (S E ) v (B

g (S1(w)) g (S1(w)

The first term is bounded by a constant, by an argument similar to the proof
of Lemma S-15, as log G is Lipschitz. For the second term, by (46),

G (S1(w))
log {m} <log Si(w).

This gives, upon dividing by ((w) 4+ x(r(w,t) the obtained inequality on
C(w)? —x(r(w,t)?, that [¢(w) —x(r(w,t)] is arbitrary small when w is small,
which leads to (S-21) by using again that log G is Lipschitz. O

LEMMA S-17. There exists a constant C = C(g) > 0 such that for all
t € (0,0.9) there exists wo(t) such that for w < wo(t) and p € R,

(S-22) O(&(r(w,t)) — p) = Ct2(C(w) — ).
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PrROOF. By Lemma S-16, for small w, |((w) — &(r(w,t))| < 1/4. Hence,
we can apply Lemma S-41, which gives

DE(r(w, ) = 1) o L e —ciw)?l/2

Q(C(w) —p) 4
> C’e_‘ log (ﬁ)

)

by using again (S-19). This shows the desired result. O

S-4.4. Variations of certain useful functions. For any w € (0,1) and
i # 0, let us denote

(C(w) — Jull

(S-23) Tu(w) = 14+ =50

LEMMA S-18.  First, for all e € (0,1), for any z > 1, there exists wy =
wo(z,€) € (0,1), such that for all w < wy,

1—e < g(C(w/2)/g(¢(w) <1
(S-24) {1—55G@mmm@«m»5L
(

Second, for any K > 1, one can find di = d1(K) and dy = da(K) > 0 such
that for all z > 1, for w < wp = wo(z,1/2) as before and |u| > ((w)/K,

(S-25) di <Ty(w/z)/Tu(w) < ds.

PROOF. Since logg and log G are Lipschitz and by monotonicity, it is
sufficient to bound ((w/z) — {(w) from above. For this, we combine (S-16)
and (S-18) to obtain, with S7, Sy as in the proof of Lemma S-16,

C(w/2)? = ((w)?
<2logw + 2log g (S4(w)) + log(27) — 2log(w/z) — 2log g (S1(w/z)) + C
<2logz+ D+ 2A |Sy(w) — S1(w/2)]|,

by using that log g is A-Lipschitz by (45). Since the last bound is bounded
by some constant for w < wg(z), we obtain (S-24).

To prove (S-25), one notes that since |u| > ((w)/K, we have 1 < T),(w/z)
2+ K((w/z)/¢(w) which itself is less than 2+ K + K({(w/z) — ((w))/¢(w).
Using the previous bound on ¢(w/z)—({(w) and the fact that (w) goes to co
as w goes to 0 the last bound is no more than a constant C' = C(K') whenever
w < w(z,1/2). On the other hand, 1 < T, (w) < 2+ K for |u| > ((w)/K.
The desired inequality follows. O

IA
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Let us denote, for w € (0,1) and p € R,

(5-26) G(w) = ‘W.

LEMMA S-19. Consider G, defined by (S-26). For all Ko > 1 and any
z > 1, there exists wy = wo(Ky, z) such that for all w < wy, any pu € R with
4l > C(w)/Ko, we have

(S-27) Gu(w/z) > /KOG (w).

PROOF. Let us focus on p > 0 without loss of generality. Let us rewrite
the desired inequality as, with I'(u) = log G, (e™"),

z 1 1 z 1
I (log=) =T (log— ) > ——— (log = —log — | .
8w (ng)_QK()(ng ng>
To prove this, it is enough to check that I''(u) > 1/(2Kj) for u € [log 1, log Z],

for appropriately small w. To do so, one computes the derivative of I' ex-
plicitly using the chain rule. First one notes that

, L 1
S =~ gty
and from this one deduces that
oy € Dy
One further computes
#(@) = (Bla) + 1)2Q(a), for Qa) =1+ 18I

which gives 5'(¢(e™™)) = (e ")Q(¢(e~"))(B(¢(e~*))+1). Using the identity
B(¢(e™™)) = e* leads to
u 1 1 ¢
Mu)=1— — =(C(e™™) — ).
N L (SCRD)ISCRDT A

Now, by using (45) one sees that the map u — e“(1+¢e*)71Q(¢(e™™))~! has
limit 1 as u goes to infinity. So, for u large enough, e*(1+e*)~1Q(¢(e™ %))t <
14¢ for some € > 0 to be chosen later on. Now using Lemma S-40, whenever
24 < C(e_u) - 17

L 0w 114 () — )2
(e ) TS e T e g
C(e’“)—u+ 1
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By definition of u, we have e ™ € [w/z,w], so ((e™*) < ((w/z). Deduce
that, using that by assumption p > ((w)/Ky,

e —p 1 ((w)
e =T Ko w/a)

The behaviour of the difference ((w/z) — {(w) was studied in the proof of
Lemma S-18 where it is seen that this quantity is smaller a certain universal
constant if w is small enough. By writing

C(w/z) — C(w))‘1
¢(w) ’

one gets that this ratio is at least 1—1/8 for w small enough, using {(w) — oo
as w — 0. This shows that for w < w(z) small enough,

1 ¢ 1
[

Cw/2) [ (w) = (1 T

(Ce™) =) <1—(1/Ko)(1-1/8) +

¢(e™) (e™)’
where we have used ((e™") — p > 1. On the other hand, if > ((e™) — 1,
L @ —uy _ ¢(0)
e T E Fge

which can be made arbitrarily small for w small enough. As a result, in both
cases, for w < w(Ky, z) small enough, for all p > ((w)/ Ko,

1-T(u) < (1+€)(1-7/8Ko+1/(4Ky)) < (14+¢)(1-5/(8Kyp)) = 1—-1/(2K,)
by choosing ¢! = 8Ky — 5. This proves the desired inequality. O

S-5. Moment properties. The main results in this section concern the
moments of the score function, m(w) = —EoB(X,w) = — [0 B(t,w)p(t)dt
and mq(r,w) = E.[B(X,w)], ma(r,w) = E.[B(X,w)?. Remember that g
is assumed to enjoy (44)—(48). Also, since these functions only depends on
g, all the constants appearing in the results of this section only depend on
g (except in Section S-5.6 where the sparsity comes in). In this section, we
freely use ¢ = ((w) as a shorthand notation.

S-5.1. Basic lemmas on moments. The following two lemmas are (mostly)
small parts of Lemmas 7-9 in [1]. We include the proofs for completeness.

LEMMA S-20. Forc; = (—B(0))"'—1> 0, for any z € R and w € (0, 1],

1
wAcy

(S-28) |B(z, w)| <
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PrOOF. It suffices to distinguish the cases 5(x) < 0 and S(x) > 0 and to
bound |B(x,w)| by |8(0)|/(1 4+ 8(0)) and 1/w, respectively. O

LEMMA S-21.  The function w € (0,1] — m(w) is continuous, nonnega-
tive, increasing and m(0) = 0. The map w € (0,1] — my(u, w) is continuous
and decreasing. In addition, my(u,0) >0 if u # 0 and p € Ry — my(u, w)
is nondecreasing for any w € [0, 1]. Also, there exists a constant w = w(g)
such that, for any w < w and any p € R,

1

ml(“: ) < E mQ(:U'a ) <

gl

PROOF. Since w — B(u,w) is decreasing (for any u with 3(u) # 0), so are
w — —m(w) and w — my(u, w) for any real p. The continuity of m follows
by continuity of 8(u,w) and domination of S(u,w)¢(u) by g(u) + ¢(u) (up
to a constant). In addition, since, as g is a density, [ S(u)¢(u)du = 0, and
we have

u wh(u)?
(S-29) m(w) = — %gﬁ)(u)du :/ﬁiﬁ)(u)q%u)du

From this one deduces that m is nonnegative. For m1, the continuity follows
by local domination using Lemma S-20. Next, if y #£ 0, say p > 0, we have

0= [t wowin = [~ (Bl ) - Bw)ewin

Moreover, by (48), u — S(u 4+ p) — f(u) is a positive function. Since it is
also continuous, the integral is positive, which means that mj(u,0) > 0. To
see that u € Ry — mq(u, w) is nondecreasing, we compute its derivative

8m1 Ima (p, w) / o{B(x 1—|—w,8( )}

(p(x = p) = ¢z + p))dx > 0.

Finally, the bounds on mq, mg follow from Lemma S-20, with w = ¢;. ]

The following is a reformulation of Corollary 1 in [1] (see (58) therein).
We provide a proof below for completeness.

LEMMA S-22.  Consider A as in (45). Then for all z > 4A and all p > 0,

s [ (%)quu ~p)du< S (Zij)zw ).
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PRrROOF. We have for all u € [0, 2],

<%>2¢(“ = (2((;)‘;5( ) exp {— / *flog {g2/6*()o(- — 1)} (v)dv}.
Now, by (45), for all v € [0, 2] and p > 0,

(2logg — 2log ¢ +log (- — ) (v) > —2A + 20 — (v — pu) > v — 2A.
Therefore, inserting the latter in the above display, we obtain
(9(“))2¢(u )< (9(2)>2¢(Z _ e 2N /2glum20/2,
¢(u) ~\9(2)

One concludes because letting s = z — 2A > z/2 and noting that

o2/ /Z S22 < )2 /S 20 2/8 o (5= D(s0)/2 g
0 —s 0

< 2/ e~ (571s/2 < / e 2y = 4)s < 8)z.
0 0
O
S-5.2. Behaviour of . The next lemma refines Lemma 7 in [1].

LEMMA S-23.  For m(w) defined by (62), we have, for { = ((w) and
asymptotically as w — 0,

m(w)

2G(¢)

In particular, for k as in (46), as w — 0, m(w) < (*"1g(¢) and m(w) = w®
for arbitrary c € (0,1).

(S-31)

ProOF. Using (S-29), symmetry of 8 and ¢ = g — ¢ on [, 0),
(S-32)

) — o [ wBW? * _2wh(u) * 2wp(u)
m(w)Q/O T+ wp u)tb(u)du—/C 1—|—wﬂ(u)¢(u)du+/4 1%_Tﬁ(u)g(u)alu.

(
For the first term of (S-32), since for u € [0,¢], 1 + wB(u) > 1+ 5(0),
)

2< wp(u)? < o1 0714 i
/0 1+wﬁ(u)¢(“) u < 2w(1 + B(0)) ; B(u)?p(u)du
< CuB(O)(e/9)(¢) = L,
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for C =20/(1+ B3(0)), by Lemma S-22 (u = 0), where we use that 5(¢) <
(9/0)(¢) < (5/4)5(¢) which holds for ¢ large enough, or equivalently for
w < w; with w; = wi(g) a universal constant. The second term of (S-32) is
negative whenever ¢ > 371(0) and of smaller order than the third term. For
the third term we use that for u > ¢, wB(u) > 1 and thus 1 < 2wB(u)/(1 +
wh(u)) < 2, hence

G < /COO %g(u)du < 2G(0).

Now, by assumption G(¢) < g(¢)¢*™1, see (46). Hence, when w is small, the
dominating term in (S-32) is the third one, which gives

(S-33) m(w) ~ /COO %g(u)du
Now, let us prove

T_wb) i~ T
(5-34) | o~ T

from which (S-31) follows. To prove (S-34), let us write

OOL(U) wdu = G(¢) — OOLU)U
| et =0@ - [ A

Q

Hence, we obtain

'G(C) -/ N %gwul </ T
B0

< wl/ P(u)du = —==,
¢ w
because 1+ wp(u) = 1 —w + wg(u)/d(u) > wg(u)/d(u). Now using that
B(C) ~ 6(C)/C ~ wg(C)/C and since G(C) = g(C)¢™ (see (16)), the differ-
ence in the last display is a o(G(¢)) and (S-31) is proved. Then, m(w) =<
¢"1g(¢) follows from (46) and this in turn implies by (50) and Lemma S-14,
m(w) = e~ AW > e for any ¢ > 0. O

S-5.3. Upper bound on my. The next lemma refines the bounds on my
of Lemma 9 in [1]. The refinement is important in that we obtain a precise
upper-bound for any p larger than a constant. Moreover, the bound is sharp
in this regime of u’s, as we shall see below.
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LEMMA S-24.  There ezist constants C > 0 and wo € (0,1) such that for
any w < wo, for any p such that pn > po == 2A, with T),(w) as in (S-23),

B¢ Ju).,

ma(p,w) < C " p(w).

In particular, my(u, w) < CC?®(¢ — p)/w holds for any p > po and w < wo.
For any w < wq, one also has

C o _
ma(p, w) < e wEHRIC for any (7' < |ul < po,
I (p, w)| < C(1+ (), for any |u| < ¢

Since Ty, (w) = 14 [¢ — [ul|/[u] can be written 1+ (¢ — |u])+/|p| + (lul —
O+/lpl <2+ (¢/|pl = 1)+, we deduce the following corollary.

COROLLARY S-25. There exists wy € (0,1) such that for any K > 1,
there exist constants C(K) > 0 such that for any w < wq, for any p such
that p > ¢/ K, we have

mi(p, w) < C’(K)@(C;WD.

We now prove Lemma S-24.

PROOF. As p — mi(p,w) is even by symmetry of 5 and ¢, it suffices
to consider the case p > 0. For u > { — 1, the result directly follows from
the global bound |mj(u,w)] < Cw™!, a consequence of Lemma S-20. By
definition

ma(p, w) = /_Z %dw — p)dx

_/_¢1+w6(m)¢< p)dz + /|x|>¢1+w6(:11)¢< 1)d.
- (I) + (L1).

We first deal with the term (II), for which g(x) > £(¢) > 0 (for small enough
universal wy), so (II) > 0, and using 1 + wfB(x) > wpH(x) one obtains

an < ~ [ ew-pdr<

2
Y w
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Now one rewrites (I) as

/ Ba )d:c—w/C @S e

—C 1+ wﬁ(w)
< 5 d) —u)d
/C (.Z‘) (33‘ ,u) X
Let us Spli(

¢
x)o(x — pw)dx = x)d(x — w)dz x)o(x — p)dx
/_ B)ote = /|mg1/f( Jo(z — p)de + /nggﬂ( Jo(z — 1)
- (a) + (b).

First, the integral (a) can be written, by definition of 3,
1/p a2
[ s —nde= [ (g - o)) da
|lz|<1/p —1/n

Using |g — ¢| < ||g — ¢]|lc < C, one gets (a) < e #*/2 /1. For the integral
(b), with 5(z) < (g/¢)(x) (note that 5(x) is possibly negative here),

—1/p 2 ¢ 2
(b) S/ g(a:)e’”?d:c—i—/ g(x)e! 2 dx
—¢ 1/n

¢ 2 ¢ 2
S/ g(x)e“x2dw+/ g(x)e'* 2 dx
1/p 1/p
2

L e
<27 / g(t/w)e'dt/p.
1
From this one deduces the global bound, for u > 1/(,

C
1) + — | glloce™ /2
)

(¢ -
< M l —p?/24p¢ < =1y, —u?/24u
S 60 (¢ — ) + o S (llgllee + 17 )e ,

which leads to the second inequality of the lemma. Now turning to the first
inequality, an integration by parts gives, with 0 < —¢'/g < A from (45),

¢ ¢
/ " gt/ m)etdt = [g(t/u)eS / ' Lt/

HC é ne i
< 9(Q)e +u/1 g(t/p)edt.



30

One obtains ,
W

AN -1 e 2
) <2(1-2) gQer
1t 1
Noting that g(¢)e’< > g(0)e(*=M< using (45) again, and that this quantity
is bounded away from 0 for u > pg = 2A, one concludes that for such p’s
the upper-bound for (b) dominates the one for (a), so that

2

I

(a) + (b) < Cg(C)

Now one can note, using po < < ¢ — 1 and (g/¢)(¢) < w1,

2

N (B Y
< C@C—u) < —nl
w 0

This gives the result in the case po < g < ¢ — 1, which concludes the proof
of the first inequality. The last part of the lemma follows by noting that
Ty(w) < C¢.

For |u| < 1/¢, we can invoke Lemma 9, eq. (89) from [1], that is

mi (g, w) < —i(w) + C¢p?
which is at most C + C(u?. O
S-5.4. Upper bound on mo.

LEMMA S-26. There exist constants C > 0 and wo € (0,1) such that for
any w < wg, for any u € R,

< 2= u)

m2(M> ’lU) w2

PROOF. Since ma(p, w) = E[B(Z + p, w)?] = [ B(u, w)?¢(u — p)du by
definition, we first bound

2
i )(u)) < OB(u)* e + w1y

2 _
B(uaw) - (1+w6

Indeed, for S(u) > 0 this follows from bounding the denominator from below
by 1 or wf(u) respectively, and for S(u) < 0 (in which case |u| < ¢, as soon
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as wy < B71(0)) one uses the fact that 1 +wpB(u) > 1 4+ wBmin > co > 0.
Deduce that

¢
mao(p,w) < C 22z — p)dz w2d(z — p)dz
o w) < /_Cm Y26(z — ) +/Zl>< o= — 1)
< (A) + (B).
By definition of (B),

(B) = w(@(C - 1) + B + 1)) < 207 2F(C — |u]).

To bound (A), we note

(/ BP0+ iz + [ 9Pot - ><2C/ B(2)2(o— ul)d

As the last bound is symmetric in p, it is enough to obtain the desired bound
for o > 0, which we thus assume for the remaining of the proof. For large
enough C, it holds (% —1)2< C(%)2 (e.g. expanding the square and using
that g/¢ is bounded away from 0) which with Lemma S-22 leads to

¢ ¢
| BGrote = maz < ¢ [Ca/e)Rot: ~ maz < €2 (5) 00t~ n)

0 0
Also, (g/#)(¢) = B(¢) +1 =w! +1 < 2w™L. To conclude one writes

PC—n) _ o(C—n)
¢ C—ptp
If { — u > 1, one can use Lemma S-40 to obtain that the previous quantity

is less than 2®(¢ — p) (bound the denominator from below by ¢ — p). If
¢ — p <1, there exist C1,Cy > 0 with

sip ) <0 < oB(1) < (- ).
prp>C—1
The lemma follows by combining the previous bounds. O

S-5.5. Lower bound on m;.

LEMMA S-27.  There exist constants My,Cy > 0 and wy € (0,1) such
that for any w < wo, and any p > Moy, with T,,(w) defined by (S-23),

(- p)

ma(p, w) > Cq
w

Ty (w).
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PROOF. By definition, using ( = {(w) as shorthand,

_[f B _ B Lo
ma (p, w) —/_C 1+w5(x)¢(m pydz + /|w|>< 1+w5(x)¢(m p)dz

= (I) + (I1).
To bound (II) from below, one notes that 1 + wf(x) < 2wp(z) for |z| > (,
S0
1

(D2 5 [ ol e = 5 @ 0) + B+ ) 2
W Slz[>¢

To bound (I) from below, let us introduce d = max(dy, d2), where d; verifies
B(d1) = 1 and dy is such that for > dy, the map = — g(z) is decreasing
(such dg exists by (44)). We isolate first the possibly negative part of the
integral defining (/) and write

_B@) e i > B@ L e
/|z|gd1+wﬁ<x>¢’( w2 /|z.gd1+wﬁ<o>¢( K

_/ B(z)|  dx D
wj<a 1L +wB(0) v2r '

Let I; be the part of the integral (I) corresponding to z in I' := {z : d <
x| < CH I C>d,

L> /F B@)o(@ — pydz —w |~ g(a — p)da

> 5 [ B@ota ~ wds
1

1 DN
24/Fg() ) dz,

where we have used that wf3(-)/(1 +wpB(-)) <1/2 on T and that g/¢ —1 >
9/(2¢) on I' by definition of this set. An integration by parts now shows that

¢ 1 [#C
[ ot@erdo = [ gte/ueta
d mJy

d
s
— i gt el — / o

>t [Q(C)e’“ — g(d)e“d} :
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as ¢'(u) < 0 for u > d > dy. We now claim that g(¢)e’< > 2g(d)et? for any
p > 2A and ¢ > d +1log(2)/A. Indeed, for such p, ¢,

H(Cd) > 2M(C=d) > 9 A(C—d)

while, using that —A < (logg)’ < 0 on (d,c0) by (45) and the definition of
d, one obtains

29% _ 9~ {1089(Q)-1og (D)} < 9AC—d) < u(c—d).
g

Putting the two previous bounds together leads to, for such p, ,

1 2
I > — pC—p=/2
12 8M9(C)€
Let us now distinguish two cases. Suppose first that My < p < ¢ — 1 for
My = 2A. The map pu — u¢ — p?/2 is increasing on this interval, so its
minimum is attained for u = M. Combining this with g(¢) > Ce™¢ and
using the rough bound ! > ¢(~! leads to, uniformly for u € [My,¢ — 1],

o ACEMoC-MZ/2 AC

e
8¢ ~oC
Since e /u — oo as u — oo and ¢ = ((w) — oo as w — 0, we have

I) > 2D for any pu > [My,¢ — 1] and any w > wq for wy small enough. One
deduces that for such w and pu,

Cu—p?/2 _
fo Dy SO ST 10—
16 n po ¢(C)
Noting that ¢(¢)/g(¢) ~ w and combining with the bound on (II) above,
one deduces, for w < wy and pu € [My, ¢ — 1],
P(¢— 1)

2w pw

I >

g(¢)-

mi (:u’a w) Z

Using that 4 < ¢ — 1, one deduces that

A=) o C—n®(C—p)
pw o wo

This gives the desired inequality if p € [My,( — 1]. The second case is now
@ > ¢ — 1. In this case, we simply use I; > 0 to get

(s w) > Dy + (IT) > ~Dy + 5 B(C— ).
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As (¢ — p)/(2w) > ®(1)/(2w) for small enough w, the last display is
bounded from below by ®(¢ — u1)/(4w). Noting that the bound

‘I’(Cw— 1) [1+ \C;Mq

mi(p, w) > C

holds in the two cases, for C' a small enough constant, leads to the result,
recalling the definition of T,,(p) in (S-23). O

Combining Lemmas S-26 and S-27 (and using 7),(w) > 1) one obtains the
following bound.

COROLLARY S-28. There exist constants My,Cy > 0 and wy € (0,1)
such that for any w < wg, and any p > My,

) < oyl w)

ma(u, w
w

Here is another lower bound for m; when the signal is large

LEMMA S-29. For any ¢ € (0,1) and p > 0, there exist wy = wo(e, p) €
(0,1) such that for any w < wg, and any p > (1 + p) ((w),

m(p,w) = (1 —¢€)/w.

PROOF. Let a =1+ (p/2) and let us write, for w small enough,

ag wB(x
wmi(uw) = [ PP o+ [ - e

—al 1+ wﬁ(w) |x|>al 1+ ’LUB(.Z')
wp(x) “°
> /mc T e = [ ot pda
wp(ag) | — Blar —
> T3 wh(ad) ®(ag — (1= @(aC — p)).

Since for p > (1 + p) ¢, we have that ®(a¢ — pu) > ®(—(p/2)¢) tends to
1 when w tends to zero, we only have to prove that wB(a¢) = S(al)/B(¢)
tends to infinity. The latter comes from

> —alA( ¢(C) _ (a2—1)¢2—ai(
8a0)/5(0) 2 M HO ,

by using the definition of 5 and (50). O
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S-5.6. Results for m1 and m ratio. In the next lemmas, we study the
behaviour of the functionals, for given 8y € R™,

> ies, M1(bo,i, w)

(S-35) Hy,(w) = ) , we (0,1),
- m1 (0o, w
(8_36) Hgo(va) = ZZGCO(QOJ:%LI?W) 1( - )7 w e (07 1)7 K > 17

where we denoted Sop = {1 <i<n : fp; # 0} and
Co(@g,w,K) = {1 <i<n: |90,i| > C(w)/K} C Sp.
The set Cy(0y, w, K) is sometimes denoted by Co(w, K) or Cy for short.

LEMMA S-30. Consider a sparsity s, < nV for v € (0,1). Consider

Hy, and Hg as in (S-35) and (S-36), respectively. There exist constants
C=0C(v,9) >0 and D = D(v,g) € (0,1) such that

(S-37)  sup sup |Hg, (w) — Hg (w, K)| < Cn*P,
0o€lo[sn] we[l L} Ke[ 2 4 ]

nilogn o' Tw
for any n larger than an integer N = N (v, g).
PROOF. For 6y € {y[s,] and w € [n~1,1/logn], denote
Ci=5\Ch={1<i<n:0<l0| <{(w)/K}.

By using the upper bounds on m; obtained in Lemma S-24 (and pg defined
therein), with ¢ = {(w), and for now taking K > 2 arbitrary,

Z mi (90,1', w) = { Z + Z + Z } m1(90,z', w)
ieCy 0<[00,4|<¢™1 ¢T1<|b0,5|<po  po<|bo,:|<C/K
S {(L4+¢ + e+ B (- (/K|

where to bound the third sum we use ® (¢ —[0p;|) < @ (¢ —¢/K) and
T, (w) < ¢(w). Now, by Lemma S-40,

_ K 2 K — 2 9
(o £t (SR b

for n large enough, where we used ((w)? > —2logw via (S-16) in the last
step. Now using that for w > n~!, we have ¢ < 2y/logn for large n by
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Lemma S-14, so that e“o¢ is negligible compared to any positive power of
n. One deduces that, for n large enough, using w > n~! and s, < n¥ by
assumption, and any K > 2,

Zml 00,1, w <Csn{1+ecf+w 2/K+1/K2}
i€Cy

< Cn“eCC +Cn nv—1+2/K—1/K2'

Now if v — 1+ 2/K < 0, which holds for K as in the statement, one gets

Sup Sup Zi661 1”1(0071’ w) S _ C {nv€2cm _|_ nl—l/Kz}.
Bo€Lo[sn] we[n=1,1/logn] m(w) m(n=1)

For K as in the statement, we further have 1 — K2 < 1 — (1 — v)?/16.
Since m(n~!) decreases to 0 slower than any power of n (see Lemma S-23,
combined with (50) and the bound (S-17) on (), the last display can be
bounded by Cn'~P, for D small enough, which shows (S-37). O

LemMA S-31. Consider Hy as in (S-36) for some choice of K > 1.
Then there exists a constant C = C(K,g) > 0 such that, for all z > 1,
there exists wy = wo(z, K, g) € (0,1) such that for all w € (0,wp) and for all
0y € R™, we have

(S-38) Hy (w/z, K) > C2Y O H (0, K/1.1).

PRrROOF. According to Lemma S-24 and Lemma S-27, there exists con-
stants C1,C2 > 0 and wy € (0,1) such that for w € (0,wp) and any 6y,

T@oz( )
~(w> )

T
C1 Y. Gy, (w GOE())SHé’O(w,K)SCQ > Gay,(w
1€Co(w,K) 1€Co(w,K)

where T),, G, are defined by (S-23), (S-26) respectively. Now, by Lemmas S-
18 and S-19, for all z > 1, there exists wo(z,K) € (0,1) such that for
w < wo(z, K) and any p > ((w)/K,

Gu(w/z) > 2RG, (w)
di Tu(w) < Tu(w/z) < ds Tu(w),

for some constants d; = dy(K), do = d2(K). Combining Lemma S-23 on m
with Lemma S-18 on G, one can find D1, Dy > 0 with, for w < w(z),

Dy m(w) < m(w/z) < Dy m(w).
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Hence, by combining these results one gets, for w < wy(z, K) (and then
w/z < wp(z, K) also holds),

¥ w/z
Hp (w/zK)>C1 Y G, (w/2) eoffu/é))
i€Co(w/z,K)

T,
> (G /DI SD Gy () e,
1€Co(w/z,K)

Now we claim that Co(w, K/1.1) C Cyp(w/z, K) for w small enough depending
on z. Indeed, ((w/z)/¢(w) < 1+ ({(w/z) — ((w))/{(w) < 1.1 for w small

enough depending on z, as in the proof of Lemma S-18. So,

Colw/z K) ={1<i <n : |0:] = C(w/2)/K}
D) {1 <i<n: ’00’1“ > 1.1C(w)/K} = Co(’u},K/l.l).

One deduces that Hg (w/z, K) > C’zl/(zK)Hgo(w,K/l.l) for w < wo(z, K)
as announced. O

S-6. Lower bound for the FDR+FNR risk. For any a,, > 0, define
the class of signals

Ly [sn;an] = {00 € lo[sn] : 004 < an,|Se,| = sn}-

THEOREM S-32.  Let s, > 1, e € (0,1) and

(S-39) ne =0 ' <(1/e +1) > — 3 (e/4).

n

Then we have

sup sup (Py, (FDP(6y, @) + FNP(6y, p) <1 —¢€)) < 3e*n</6,
peC 00€LY [Snian, e

By integration with respect to e > 1/t,, for some sequence t,,, we get

COROLLARY S-33. Let s, >1,t, > 1, and

(S-40) by =3 <(tn +1)

) ST (1))

Sn

Then we have

inf inf  (FDR(6p, ) + FNR(0p,p)) > 1 — (1/t,, + 18/sp).
P€C 9oLy [5n;bn]
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Taking s, — oo and s,, < n" for some v € (0,1), and ¢, = eV log(n/sn) e

get by, ~ \/2log(n/sy,) and thus for a < 1,

liminf inf  sup  (FDR(6p, ) + FNR(6p, ¢))
n <P€C BoeLo [5n§a]

> lim inf inf inf (FDR(0o, ¢) + FNR(0o, ¢)) > 1.
n peC Oo€Ly [sn3bn]

This proves Proposition 2.

PROOF. Let 6 > 0 and a,, arbitrary with |6y ;| < a, (to be chosen below).
On the one hand, we have

—1 n ;= ;> — ;>
FDP(Q(),QO) 2 Sn _1222311{0071 O,XZ = Tl(X) or Xz = TQ(X)}
1+ s, Ei:l 1{90’1':(),)(1'27'1()() or —XiZTQ(X)}

—1
n
>1-— (s,;l > {0 =0,X; > 7 (X) or — X; > TQ(X)}) :
i=1

Furthermore,

n

S;l 21{9071' == O,XZ > Tl(X) or — Xz > TQ(X)}
i=1

285121{9071‘ = O,Ei Z Tl(X) or —¢g; Z TQ(X)}
=1
> (Snl 21{0071' =0,g; > Tl(X> /\TQ(X)})
=1

A <Snlzn:1{907i =0,—¢; > T1(X) /\TQ(X)}) .

i=1

The latter is true, because it holds whether 71 (X) A7 (X) is 71(X) or m2(X).
Thus on the event { (71 (X)A72(X))—a, < 0}, we have 71 (X)Am2(X) < ap+9,
and we get

-1
n
FDP(GO, 80) Z 1— <S;1 Z 1{90’i = 0,81' 2 an + 6})

=1

n —1
(S—41) V (Snl Z 1{0071' =0,—¢; > a, + (5}) .

i=1
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On the other hand

FNP(0p, @) = s," Y 1{00; # 0, —72(X) < X; < 71 (X)}
i=1
= 8;1 Z 1{9071 7’5 0, —TQ(X) — 00,1' < g < Tl(X) — 90,1'}
=1

> S;l 21{0071‘ 75 0, —(TQ(X) — ‘9071|) <g < Tl(X) — ‘9071|}
=1

Hence, noting that 71(X) A 72(X) — ay, is smaller than 71(X) — |6y ;| and
T2(X) — |o,i|, we obtain

n

FNP (00, ¢) > 5,0 > 1{fo; # 0, |ei| < m1(X) A 72(X) — an}.

i=1

Hence, on the event {(71(X) A 72(X)) —an, > 0}, we get
(S-42) FNP (0o, ) > s, > 1{b0, # 0, |ei] < 6}
i=1

Combining (S-41) and (S-42), we obtain for all 6 > 0,
FDP (6o, ) + FNP (o, ¢)

> <87:1 Z 1{0072' #0, 6] < (5})
i=1

n —1
ANl1l-— (Snl 21{9072‘ =0,¢; > an +5}>

i=1
n -1
ANl1l— (S;121{007i =0,—¢; > an+5}>
i=1
This induces that for all € € (0, 1),
P@o (FDP(90> 80) + FNP(GOa 90) < 1- 6)

< Py, 51;1 Z 1{|€i|<(5}§1—6
i:00,; 70

+2P, [ s, Y. e zan+6} < 1/e
1:00,;=0
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Now choose § such that e = 4®(4), so that

Poy | syt D Wal<dy<i—e| =Py | D (A{lail =6} = 28(5)) > sne/2
1:60,;70 1:00,;70
< e—sne/ﬁ

by applying Bernstein inequality (see Lemma S-42) with A = s,¢e/2, V =

2s,®(d) = A and M = 1. Similarly, by choosing a,, as in (S-39) so that

(n — sp)P(an +9) = sp(1/e + 1), we have

Py, | s, Z 1{e; >a,+ 0} <1/e
i:907i20

Py [ S (e 2 a0 45} = B(an +0)) < =5, | < el
ileo,i:()

by applying Bernstein inequality (see Lemma S-42) with A = s,, V =
(n — 8,)®(an +9) < 2s,/€ and M = 1. The proof is finished. O

S-7. Details on MCI procedures. Let us consider the procedure ™
at cut-off level ¢ € (0,1/2) defined by (43) in Section 5. We henceforth refer
to it as procedure MCI. We show below that ¢™ can be rewritten in terms
of ¢ as well as g_, g4 defined as, for any = € R,

0
g-(@) = / oz — w)y(u)du,
04(z) = /0 " b — upy(u)du = (g — g_) ().

LEMMA S-34. For any real x, it holds g4+(—z) = g_(z). Also, g+(x) >
g—(z) if and only if x > 0.

PROOF. The first assertion follows from the symmetry of ¢ and ~. To
check the second assertion, by symmetry of +,

o) 0
g4(2) = /0 oo~ wn(du= [ oo+ on)de.

For x > 0 and v < 0, we have |x+v| < z—wv so that ¢(z+v) > ¢(x—v) which
gives g4 (x) > g—(z) and the ’if” part. For the ’only if’ part, by symmetry,
as before z < 0 implies g_(x) > g+ (x) and for z = 0 we have g4 (0) = g_(0).
So g4+ > g— can only occur if z > 0. O
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S-7.1. The m—value. By analogy to f—values, for a given weight w €

(0,1), define an m—value as, for i = 1,...,n,
(S-43) mi(X) = m(X;; w);
(5-44) m(w) = TH(B; > 0] X, = 2) ATI(B; < 0| X, = ).

A BMT of the form ¢ = 1{m;(X) < t} is called a m-value procedure (where
‘m’ stands for (posterior) ‘mass’, as opposed to ‘¢’ for ‘local’ standing for the
local ‘density’ at 0). This definition is motivated by the following lemma.

LEMMA S-35. The procedure MCI defined by ¢™ in (43) at level t €
(0,1/2) can be written as, denoting m;(X) := m(X;;w), fori=1,...,n,

it = 1{m;(X) < t}.

PROOF. Let us denote by z!(x) the quantile at level ¢ € (0,1/2) of the
marginal posterior distribution of 6; given X; = x. By definition of the
quantile, 0 < 2!(z) if and only if IT[¢; < 0| X; = 2] < t. Further, 2'~%(z) <
0 if and only if II[¢; > 0|X; = z] < t: this uses the definition of the
quantile and the fact that (—o00,0) 3 u — II[#; < u|X; = z] is strictly
increasing and continuous, as follows from the explicit expression of the
posterior distribution. By definition of ¢, the procedure rejects Hy ; if and
only if either z{(X) > 0 or z;7/(X) < 0, which concludes the proof. O

LEMMA S-36. For any w € (0,1), the m-value m(x;w) at point x € R
can be written as

(1 — w)p(x) + wg—(|z])
(1 - w)o(z) + wg(z)

Additionally, for any real x, the map w — m(x;w) is decreasing.

(S-45) m(z;w) =

PROOF. By definition, recalling (11)—(12)—(13),
H[91 >0‘X1 :x] :H[91 > O‘Xl =ux,0; 750] -H[91 #O‘Xl :x}

e (1 — U, o)) = IEE) wy(x)
= [ el (1t ) o) (0~ w)olz) + wg(@)

wy(z)
(1 - w)e(z) +wg(z)
Using now the definition of m(x;w), one obtains
m(z;w) = (1 =10 > 0] X1 = z]) A (U(x;w,g) +11[0; > 0| X1 = x])
_ (1 —we(x) +wg (z) (1 —w)p(x)+wgy(r)
(1 —w)e(z) +wg(x) (1 —w)p(z)+wg(z)
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The announced expression follows by noting that g_(x) A g4 (z) = g—(|z|)
which itself is a consequence of Lemma S-34. The monotonicity in w is
obtained by computing, for any real z,

om g+(z])¢(2)

) = T )o@ + wg@P -

S-7.2. Link to ¢—values.

LEMMA S-37. The m—value (S-44) satisfies, for any w € [0,1), z € R,

(S-46) lz;w) < m(z;w) < (1 + 11_1)w(2())> (z;w),

where for short we denote {(x;w) := €(xz;w, g) (itself defined in (13)).

PROOF. The first inequality immediately follows from the expression of
m(z;w) in (S-45) and the ¢-value expression (13). The second inequality
follows using Lemma S-38. O

LEMMA S-38.  For anyt > 0, we have

7(0)o(2).

1
g-(t) < 5

Remark. The following more precise bounds also hold, for any t > 0,

Y(=1) (2(t) — ®(t+1)) < g-(t) < 7(0)2(t).
showing that g_(t) =< ¢(t)/t for large t.

PROOF. As 7 is unimodal, continuous and symmetric, its maximum is
attained at 0, so ||v]/cc = 7(0), and

0
@J@@%:/ £ 2 (1) du

—00

0
<0 [ P <2000 F0)
—00
The lemma follows using the standard bound ®(t)/¢(t) < 1/2, as well as
the upper bound in the remark above. The lower bound in the remark is
obtained by restricting the integral defining g_ to [—1,0]. O
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S-7.3. Proof of Theorem 5. The idea of the proof for the procedure MCI
is as follows. To control the FDR for m—values, one combines the inequalities
(S-46) with the bounds for /—values already derived in the proof of Theorem
1. Using these inequalities will only modify by a constant multiplicative
factor (close to 1, e.g. 1+ €, € > 0) the level ‘¢’ of the original argument
for /—values. This only modifies the constants Ny and C' in the statement of
Theorem 1, leaving everything else unchanged and leading to the result. We
now give the detailed argument for the procedure MCI for completeness.

Proceeding as in the proof of Theorem 1, one distinguishes two cases
depending on whether (67) has a solution or not. If (67) has no solution,
then one bounds the FDR of the m-values procedure at level ¢ as follows,
using the first inequality in (S-46),

FDR(0o, o™ (t;0)) < Py (Ji : 0o =0, @] (t;0) = 1)
< P90 (HZ : 00’1' =0, @e_val(t; WQ) = 1) + PQO (lZ) > ’wo)

7

and this quantity is that of the /—value case, which is thus bounded as in
the proof of Theorem 1.

If (67) has a solution, similar to the /—value case, let us denote by a8 (w)
the number of false discoveries of the m—values procedure ¢ (t;w) at level
t and SY (w) the number of its true discoveries. Here we denote Vé[t](w)
and Sr[tn] (w) the corresponding quantities for f—values (as in the proof of
Theorem 1, except here we also keep the level ¢ explicit in the notation,
which is important below). We start by writing the FDR as

FDR(6o, ¢™ (t;w)) = Ep,

V) + SH ) v 1
()
V@) + SW ) v 1

< Ego 1{w2 <w< w1} + Pgo [12) §é [wg,wl]] .

Thanks to the first inequality in (S-46),
1{mi(X) <t} < 1{l(d, X;) < t},

which yields ed (w) < Vém (w). Now using the second inequality in (S-46),
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and working on the event that wy < w < w1,

1{mi(X)<t}21{( +“’7(0)> 00, X;) < t}

1
21{<1 ) ) <t}

>1{( <>)< X) <) > 120, X) < ),

where for the second inequality we have used that ¢—values are strictly pos-
itive almost surely, and for the fourth inequality that w; goes to 0 with n,
using Lemma S-2. This leads to, on the event that wo < w < wy,

4
LU, X;) <O} < 1im(X) <}, ¢ =5,

which implies S,[f;( ) > S[t]( ). So, denoting D = {wy < w < w; } for short,

[t o [t (2
(@) V()
o 1 (V@) + 5, (@) v 1

(Vi) + ST (@) v 1 HP)

< FEjy,

From this point on, one can use the bounds derived for /—values, replacing
t by ¢ in the bound for Sétq. This only induces changes in the constants
appearing in the bound (80) for /—values, everything else being unchanged.

By combining the bounds in both cases, bounds which coincide with the
f—values bounds up to the choice of the constants, this concludes the proof
of Theorem 5

S-8. Details on SC procedure. We explore here in more details the
behavior of the Sun and Cai procedure SC, as defined in Section 5.2, with a
heuristic, a lemma and numerical support. To fix the idea, we focus on the
quasi-Cauchy prior (similar results could be obtained with Laplace prior).

S-8.1. Numerical study. Let us first consider the same simulation setting
as in Section 4 for Figure 1. The FDR of SC is computed on Figure S-3
for different values of thresholds ¢ € {0.05,0.1,0.2}. Clearly, compared to
EBayesq, we observe a more severe FDR inflation, especially when s, /n is
not small and when the signal is large. This suggests the following question:

For a very large signal, does the FDR of SC procedure converges to ¢t when
n tends to infinity (and s, /n tends to 0)?
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Fic S-3. FDR for SC procedure with threshold t € {0.05,0.1,0.2}. n = 10, 000; 2000

replications; alternative all equal to p (on the X -azis).

To elucidate this question, we first perform a numerical experiment in the
special case t = 0.2, 4 = 15 and n = 107 for different values of s,. Due
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to the large amplitude of n, it is too computationally demanding to use the
empirical Bayes w into the ¢-values expression. Rather, we can safely replace
it by w = w* solving s, = (n — s, )wm(w) because the signal is very strong.
Also, it is enough to make 10 replications to approximate the FDR, because
the concentration of the FDP to the FDR is very fast for n = 107. The result
is given in the following table.

s, | 10 ] 103 | 102 | 10 5
FDR [ 0.30 1 0.29 ] 0.28 [ 0.24 | 0.21

This experiment suggests that the FDR of SC does converge to the targeted
level t = 0.2, but very slowly with respect to s, /n.

In the next sections, we provide an analysis to support the fact that the
FDR of SC converges to t at a logarithmic rate in s,/n when the signal is
very large. This will thus corroborate the above numerical findings.

S-8.2. Heuristic. Let w* solving s,, = (n — sp)w*m(w*). We write w for
w* for short. Let us introduce the quantity, for u € (0, 1),

_ Egy—o(U(X3; w)1{g(Xi; w) < u})
Pay=0(q(Xi;w) < u)

too __ (A-w)ez)
_ Ix(r(wu)) (1-w)d(z)+wg(z) ¢(x)d 1.

— <
(x(r(w,u))) a

It is not difficult to check that f, is continuous increasing from (0, 1) to
(0, fn(1)), with f,(1) — 1 when n — oo and s,/n — 0. We propose the
following heuristic.

HEuRrisTIC 1. For 6y € {y[sy,] with “strong signal”, the following holds:
FDR(6p,8C)/t —1 <1 — f,(u*) as n — oo and s,/n — 0,
where v = u* € [t, 1) is the solution of f,(u)u = t.
We will also assume in the sequel that for n large, the solution u* above

is below some universal constant vy € (¢,1).

Justifying Heuristic 1. For short, we write ¢;(X) (resp. ¢;(X)) for £(X;;w)
(resp. q¢(X;; w)). First, let us observe that the SC procedure can be expressed
as a thresholding rule rejecting the null hypotheses corresponding to |Xj|
larger than some threshold (contrary to EBayesL and EBayesq, this threshold
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in general depends on X). Hence, even if the SC procedure is a priori not
related to EBayesq procedure, we can express this procedure as rejecting the
null hypotheses corresponding to ¢;(X) < u(X,t) for some function wu(:,-).
Clearly, the procedure EBayesq at threshold u(X,t) is the SC procedure at
threshold ¢. Now assume that u(X,t) is well concentrated around a value u*
(away from 0 and 1), so that SC(¢) ~ EBayesq(u*). The proof of Theorem 3
hence suggests that, when the signal is large,

(n = sn) Poo=0(qi(X) < u*)
sn + (= sn) Poo=0(2:(X) < u¥)

*
~Uu .

FDR(6y, SC(t)) ~ FDR(6y, EBayesq(u®)) ~

Next, the definition of SC(¢) implies that

2im LX) <w} 0 GXOHe(X) < (X b))
2o Hai(X) < v} 2o Hai(X) <u(X, 1)}
In addition, by standard concentration arguments and since the signal is
strong, we also have

i LX) Hai(X) <u'}  Dien, i(X)Hai(X) < u'y
2o Hai(X) < wr} Sn+ Dien, Hai(X) <ur}
(1= 5) Egpmo(4(X) 1{as(X) <))
sn + (0 — sn) Pgy=0(q:(X) < u*)

— fn(u*) X (n - Sn)PO():O(Qi(X) S u*)

sn + (0 — 8n) Ppo=0(qi(X) < v*)
~ frn(u®) x u*.

Combining the above fact leads to FDR(6p,SC(t)) ~ u* and f,(u*)u* =~ t,
which justifies, provided the remainder terms in the previous approximations

are of smaller order, that FDR(6p,SC)/t — 1 < u*/t —1 < 1/f,(u*) — 1 and
leads to Heuristic 1.

~t.

S-8.3. Conwvergence of f,. Heuristic 1 suggests that the inflation of the
FDR of SC is determined by how much f,(u) is below 1 for some fixed

€ (0,1). The following result provides the order of 1 — f,(u) when n is
large.

LEMMA S-39. Consider the quasi-Cauchy case. There exist universal
constants ¢ > 0, C > 0 such that the following holds. Let ug,vy € (0,1),
with ug < wvo. For all uw € (up,vo), for all w € (0,1) smaller than some
w(up,vo) > 0, we have

Clog(log(l/w)) B f;?r(w,u)) W%gb(m)dx log(log(1/w))
cwp = B(rw) R
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In particular, for w = w* solving s, = (n — sp)w*m(w*) with s, < n* for
some v € (0,1), and n any integer larger than some N (v, ug,vg) > 0,

log(n/sy) log(n/sn)

PROOF. Denoting h(x) = wh(x)o(z)/(1 +wh(x)) and xuw = x(r(w,u)),
=~ o) S
|, T T = [ e
= / o(x)dx —/ h(z)dx

N c(w) ~
:@(Xw)—/ h(:r:)d:r—/c( e

w

<1-folu)<C

The following bounds on h(z) follow from the definition of § = g/¢ — 1 and
the fact that x is large enough (as w is small),
¢(x)/2 < h(z) < ¢(x), z € [¢(w), 00);
wg(x)/4 < h(z) < wg(), T € [Xuw, ((w)]-
As g is decreasing for x large, the last line also implies wg(¢(w))/4 < h(z) <

wg(xw) for € [xw, ((w)]. Putting this together with the previous identity
leads to (remember also that x(r(w,u)) < {(w) from Lemma S-15)

(p(Xw) - 6(C(w)) - wg(Xw)[C(w) - Xw]

S o(x)
< T w)ol) + g O
< B(xw) — BC(w))/2 — wg(C(w))[C(w) — xul/A.

Further note that in the quasi-Cauchy case,

Blow) = = Cow) = 0!
() = 25 =0 gy

As u is bounded away from 0 and 1, we have x,, ~ ((w) ~ (2log(1/w))"/2.

Also, it follows from the proofs of Lemmas S-15 and S-16 respectively, using
again that u is bounded away from 0 and 1, that, for universal constants
c,C >0,
loglog(1/w) loglog(1/w)
¢(w) Clw)

Combining the previous estimates leads to the desired bound. O

Sg(w)_XwSC
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Combining Lemma S-39, the fact that u = u* is the solution of f, (u)u = t,
and that u* € [t,vo] for n large, we obtain

1 — fo(u*) < (log(n/sn)) " log(log(n/sy,)).

Finally, the latter combined with Heuristic 1 suggests that the FDR of SC(t)
procedure is of order ¢ plus a positive term decreasing slowly with n/s,,. This
supports the fact that the FDR of SC(t) seems larger than ¢ on Figure S-3,
but still converging to the targeted level ¢ for n/s, very large, as in the table
of Section S-8.1. Making the Heuristic precise is a very interesting direction
for future work.

S-9. Auxiliary lemmas.

LEMMA S-40. For any x > 0,

a? (z) _ — (x)
—r <P <
1422 © — (z) < z
In particular, for any z > 1, ®(z) > %% and ®(z) ~ @ when x — oco.

Furthermore, for any y € (0,1/2),

{(210g(1/y) — loglog(1/y) — log(16m)  }/* < &' (y) < {21og(1/y)}"/*.
and also for y small enough,
T (y) < {2log(1/y) — loglog(1/y)}.
In particular, 671@) ~ {210g(1/y)}1/2 when y — 0.

PRrROOF. The first display of the lemma are classical bounds on ®. The
second display follows using the first one and similar inequalities as those
used to derive bounds on &, (, x. Let us prove the last relation: for all y €

(0,1/2),

y{(2log(1/y) — loglog(1/y) — log(16m)), }'/* < y&~

Hence,

1

(1) < 6@ (1))
Ty < {—2log (?J {(2log(1/y) — loglog(1/y) — 10g(16”))+}1/2) }1/2

< {—2logy — log ((2log(1/y) — loglog(1/y) — log(16m)). ) }1/2

which provides the result. ]
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LEMMA S-41. For any z,y € R, with |x —y| < 1/4, we have
B(2) > Bly) Lo~ @472
(S-47) O(x) > O(y) 1¢ yoar=,

PROOF. Let us assume z > y (otherwise the result is trivial). If y < 0,
we have ®(x) > ®(1/4) > 1/4 > 1/4®(y) so the inequality is true. Assume
now y > 0. By Lemma S-40,

B(a) _ Bly+1/4)
)

T Ty 7(3327 2)/2
> —= Hy <1} +-——e " 7V 1{y > 1}
() ®(y) 1+ a2

B(5/4) P ey
Z 3 N e C =

D(y+1/4)
@ (y)
concludes the proof. O

because y € (0,00) — is decreasing and y > x/2 when y > 1. This

LEMMA S-42. [Bernstein’s inequality] Let W;, 1 < ¢ < n centered in-
dependent variables with |W;| < M and > Var(W;) <V, then for any

A >0,
ZWZ'>A
i=1

P gexp{—;Ag/(V—l—MA/B)}.

LEMMA S-43. There exists a constant C' > 1 such that, for any M > 1,
M M v M
e e e

M?_lg/l 2=

PROOF. For M < 3 the result is immediate for C' chosen large enough
beforehand. For M > 3, one writes

M v v1M M v M M v
e e e e 2 e
—dv=|— 2 —dv < — + = —d
/3 w2 [02]3+ /3 U3U_M2+3/3 w2
so that ng %dv < 3eM /M?, from which the upper bound follows. The lower

bound follows from integrating by parts between 1 and M and noting that
the second term is nonnegative. O

LEMMA S-44. Form > 1, p1,...,pm € (0,1), consider U = Y ", B;,
where B; ~ B(p;), 1 < i <m, are independent. For any nonnegative variable
T independent of U, we have

12 ET
EU

(S-48) E ( 1{T > 0}) <eBU 4

T+U
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PROOF. Let us prove the two following inequalities: for all u > 0,

P(U =0) < e Zi=iPi,

E( Uit Pi ><12u

For the first inequality, using log(1 — z) < —z for all z € (0,1),

PU=0)= H(l —pi) = eliz1108(1=pi) < o= 2L Pi — o~ BU,
i=1

For the second assertion, we have

E 'Lfnzz'zlpi <E D iy Di u

Now applying Bernstein’s inequality, we have

P <U§ ipiﬂ) =P (U—ipi < —ipim)
=1 i—1 i—1

< exp {—i S pi(1/2)%/(1 + 1/6>} < e MTn,
i=1

As a result, one obtains, using rze™* < 1 for x > 0,

E:ﬁ;lpz’
B &=l
( Uvi1

<E (Z(]%llp"lw > Zpi/2}> +E <Z"1pzl{U sz/2}>

=1
m
<2410 (0.1 Zpi> e 012 %P < 19,
=1

as announced. To show (S-48), we now use the independence assumption
and the concavity of x — = (for u > 0), to obtain

E[TiUIL{T>0}] :P(U:0,T>0)+E[T+U]1{U>O}}
<PU=0)+E [WH{U > 0}}
SP(U_O)JFE[ET?ZM]

The two previous inequalities for u = ET/EU thus give the result. O
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S-10. Additional numerical experiments. Figures S-4, S-5 and S-
6 present further numerical experiments along the lines of the comments of
Section 4.
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{0.05,0.1,0.2}. n = 10, 000; 2000 replications; alternative all equal to p (on the X -axis).
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