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This report is a supplement for the paper Blanchard et al. (2011) (denoted [BDR] below). This ad-
ditional study contains two separated parts. The first part provides some technical results which are
used in [BDR]. The second part introduces the so-called general PRDS condition, which is a stronger
assumption (in general) than the finite dimensional PRDS condition considered in [BDR]. This con-
dition is useful to prove FDR control for procedures which are not necessarily of the step-up type. We
also study some conditions under which the finite dimensional PRDS condition is sufficient to ensure
the general PRDS condition.

In this supplement we use the setting and the notation defined in Sections 2 and 3 of [BDR].

Part I

Auxiliary results

S-1. Results pertaining to measurability issues

Lemma S-1.1 (Revuz and Yor (1991) p. 36). Let (Zt)t∈[0,1] a real stochastic process on
(Ω,F,P) where [0, 1] is endowed with its Borel σ-field and the Lebesgue measure Λ. Suppose
that for all t, Zt is square-integrable and VarZt > 0. Then, if the variables of (Zt)t∈[0,1] are
mutually independent, the application (ω, t) 7→ Zt(ω) is not jointly measurable in its variables.
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Proof. We essentially reproduce here an argument given p. 36 of Revuz and Yor (1991).
Without loss of generality, let us assume that ∀u ∈ [0, 1], EZu = 0 and Zu ∈ [0, 1]. If the joint
measurability assumption holds, we can use Fubini’s theorem: for all t ∈ [0, 1],

E
[(∫ t

0
ZudΛ(u)

)2
]

= E
[∫

[0,t]2
ZuZvdΛ⊗2(u, v)

]

=
∫
[0,t]2

E [ZuZv] dΛ⊗2(u, v)

=
∫
[0,t]2

1{u = v}dΛ⊗2(u, v) = 0.

Therefore, for all t, a.s. in ω, we have
∫ t
0 Zu(ω)dΛ(u) = 0. Which implies (by separability

of [0, 1] and applying the Lebesgue differentiation theorem) that a.s. in (t, ω), Zt(ω) = 0. If
follows that

0 = E
[∫ 1

0
Z2
t dΛ(t)

]
=
∫ 1

0
Var(Zt)dΛ(t),

which contradicts that for all t, VarZt > 0.

The next lemma is a variation of Theorem 30 in Dellacherie and Meyer (1975).

Lemma S-1.2. Let H be metric σ-compact space, endowed with the Borel σ-field H and
take a real stochastic process Z = (Zh, h ∈ H) defined on (Ω,F,P) and satisfying

∀h0 ∈ H, Zh → Zh0 in probability when h→ h0. (S-1)

Then there exists a process Z ′ = (Z ′h, h ∈ H) which is jointly measurable in (ω, h) and which
is a modification of Z = (Zh, h ∈ H), that is, such that for any h ∈ H, for P-almost every ω,
Zh(ω) = Z ′h(ω).

Proof. Let assume first that the spaceH is compact. First, considering a metric of probability
convergence, the convergence (S-1) is uniform and thus ∀δ > 0, supd(h,h′)≤ε P(|Zh − Zh′ | >
δ) ε→0−−−→ 0. Thus there exists εn → 0 such that

sup
d(h,h′)≤εn

P(|Zh − Zh′ | > n−1) ≤ n−2.

Next, taking a finite partition {Ani }1≤i≤Nn such that Ani is measurable and the diameter of
each Ani is smaller than εn and fixing hni ∈ Ani for each i, we may define for each h ∈ H and
ω ∈ Ω,

Znh (ω) =
Nn∑
i=1

1{h ∈ Ani }Zhn
i
(ω).

Clearly, the function (ω, h) 7→ Znh (ω) is jointly measurable in (ω, h) for each n and we have
for each h ∈ H, ∑

n≥1

P(|Zh − Znh | > n−1) ≤
∑
n≥1

n−2 <∞.

Applying the Borel-Cantelli theorem, for all h ∈ H, for P-almost every ω ∈ Ω, Znh (ω) converges
to Zh(ω). Hence, Z ′h(ω) = lim supn Znh (ω) defines a jointly measurable modification of (Zh)h.
The extension to a σ-compact space H is straightforward, by considering H = ∪kHk with Hk
compact and (Hk)k nondecreasing.



Lemma S-1.3. Let (Wg)g∈L2([0,1]) be the Gaussian white noise process. Consider K ∈ L2(R)
positive on [−1, 1] and zero elsewhere. Denote by Kt ∈ L2([0, 1]) the function Kt(s) = K((t−
s)/η), where 0 < η ≤ 1. Then there exists a modification of (WKt)t that is jointly measurable
in (ω, t).

Proof. To prove this, we apply Lemma S-1.2 and check that the process (WKt)t is continuous
in probability i.e. that for any t0 ∈ [0, 1], WKt converges to WKt0

in probability when t

converges to t0. We establish this by simply noting that E(WKtWKt0
) =

∫ 1
0 Kt(s)Kt0(s)ds

and E(W 2
Kt

) =
∫ 1
0 K

2
t (s)ds are continuous functions w.r.t. the variable t, because the map

t ∈ [0, 1] 7→ Kt ∈ L2([0, 1]) is continuous (this is classical and can be proved by using that the
continuous functions are dense in L2([0, 1])).

The following lemma establishes that the FDR of a step-up procedure does not change if
we consider a (measurable) modification of the p-value process.

Lemma S-1.4. Let us consider a p-value functional p : X → [0, 1]H and two observa-
tions X ′ and X ′′ such that (ph(X ′(ω)))h,ω and (ph(X ′′(ω)))h,ω are (jointly) measurable and
are modification of each other, that is, for all h ∈ H, for P-almost every ω ∈ Ω, we have
ph(X ′(ω)) = ph(X ′′(ω)). Consider the two corresponding step-up procedures R(X ′) and R(X ′′)
defined by Definition 3.2, using the observations X ′ and X ′′, respectively. Then the following
holds:

• for P-almost every ω ∈ Ω, for Λ-almost every h, 1{h ∈ R(X ′(ω))} = 1{h ∈ R(X ′′(ω))};
• for P-almost every ω ∈ Ω, FDP(R(X ′(ω)), P ) = FDP(R(X ′′(ω)), P ) and therefore we

have FDR(R(X ′), P ) = FDR(R(X ′′), P ).

Proof. Let us first observe that by the joint measurability assumption, we may use Fubini’s
theorem to get

(Λ⊗ P)({(h, ω) : ph(X ′(ω)) 6= ph(X ′′(ω))}) = 0,

which implies that, for P-almost every ω ∈ Ω and for Λ-almost every h, for any r ≥ 0, we
have 1{ph(X ′(ω)) ≤ ∆(h, r)} = 1{ph(X ′′(ω)) ≤ ∆(h, r)} and thus r̂(X ′(ω)) = r̂(X ′′(ω)), as
defined in (10). This leads to the desired results.

As an illustration, if the p-value process is for the form ph(X) = fh(Xh) for some family
{fh(·)}h of measurable functions, (ph(X ′))h and (ph(X ′′))h are modifications of each other as
soon as X ′ is a modification of X ′′. As a consequence, Lemma S-1.4 applies for Examples 2.2
and 2.3 of Section 2.4, which shows that the resulting FDRs do not depend of the (measurable)
modification chosen.

S-2. Technical lemmas

Lemma S-2.1. Let X1, . . . , Xm be a sequence of i.i.d. real random variables of common
continuous c.d.f. F . Then, the family of order statistics {X(i)}i has positive regression de-
pendency, that is, for any non-decreasing measurable set D ⊂ Rm, for any {i1, . . . , ij} ⊂
{1, . . . ,m},

P
[
(X(1), . . . , X(m)) ∈ D |X(i1) = x1, . . . , X(ij) = xj

]
is non-decreasing in (x1, . . . , xj).



Proof. From Proposition 3.2 of Hu et al. (2006) (for instance), it is sufficient to prove that
the family is multivariate total positive of order 2 (MTP2), that is, for every x, y ∈ Rm,

g(x)g(y) ≤ g(x ∨ y)g(x ∧ y),

where g is the density of {X(i)}i with respect to the m-dimensional Lebesgue measure of Rm,
and where the minimum and the maximum are evaluated coordinate-wise. We merely check
this condition: denoting E = {z ∈ Rm : z1 < z2 < . . . < zm}, and f = F ′,

g(x1, . . . , xn)g(y1, . . . , yn) = (m!)2
m∏
i=1

(
f(xi)f(yi)

)
1{x ∈ E}1{y ∈ E}

≤ (m!)2
m∏
i=1

(
f(xi ∨ yi)f(xi ∧ yi)

)
1{x ∨ y ∈ E}1{x ∧ y ∈ E}

= g(x ∨ y)g(x ∧ y).

Lemma S-2.2. The finite dimensional strong PRDS property implies the finite dimensional
weak PRDS property.

Proof. We just have to replace “=” by “≤” in the conditional probability. This can be done
using the following standard argument (also used by (Benjamini and Yekutieli, 2001) with a
reference to (Lehmann, 1966)). Put f(u) := P [p ∈ D | ph = u] and let u ≥ 0 be such that
P(ph(X) ≤ u) > 0. For all u′ ≥ u , putting γ = P [ph ≤ u | ph ≤ u′] (which is well-defined by
the probability quotient),

P
[
p ∈ D | ph ≤ u′

]
= E

[
f(ph) | ph ≤ u′

]
= γE [f(ph) | ph ≤ u] + (1− γ)E

[
f(ph) | u < ph ≤ u′

]
≥ E [f(ph) | ph ≤ u] = P [p ∈ D | ph ≤ u] ,

where we used in the inequality that f is nondecreasing.

The next lemmas are elementary.

Lemma S-2.3. Let f : R+ → R+ be a bounded, nondecreasing and right-continuous function
and let ρ := max{r ≥ 0 : f(r) ≥ r}. For any ε > 0, the quantities ρ, ρε := max{r ≥ 0 :
f(r) ≥ r − ε} and ρ′ε := sup{r ∈ Q+ : f(r) ≥ r − ε} are well-defined and we have

ρ = inf
ε>0

ρε = inf
ε>0,ε∈Q

ρ′ε.

Proof. Note that the sets entering in the definition of ρ, ρε, ρ′ε contain 0 and are upper
bounded by assumption on f . Therefore ρ′ε is well-defined. First defining ρ, ρε as respective
suprema, we have f(ρ) ≥ ρ and f(ρε) ≥ ρε − ε because f is nondecreasing, so that these
suprema are maxima. Also note that ρε ≥ ρ′ε and that these functions are nondecreasing in ε.
We first prove ρ ≤ infε>0,ε∈Q ρ

′
ε: fixing ε > 0, since f is right-continuous at ρ, there is a δ > 0,

such that f(ρ+ δ) ≥ f(ρ)− ε/2. Moreover, we can suppose that δ < ε/2 and that ρ+ δ ∈ Q
(because Q is dense in R). Therefore,

f(ρ+ δ) ≥ f(ρ)− ε/2 ≥ ρ− ε/2 ≥ (ρ+ δ)− ε,



so that ρ+ δ ≤ ρ′ε, by definition of ρ′ε, and because ρ+ δ ∈ Q. This proves

ρ ≤ inf
ε>0,ε∈Q

ρ′ε ≤ inf
ε>0,ε∈Q

ρε = inf
ε>0

ρε.

To conclude the proof, it is enough now to show that ρ ≥ infε>0 ρε. For this, observe that
ε 7→ ρε and ε 7→ f(ρε) are nondecreasing, so that their limits exist in 0. By letting ε converge
to 0 in expression ρε − ε ≤ f(ρε), we get

ρ0+ := lim
ε→0

ρε = lim
ε→0
{ρε − ε} ≤ lim

ε→0
f(ρε) = f(ρ0+),

the last equality coming because f is right-continuous By definition of ρ we deduce ρ ≥ ρ0+ =
infε>0 ρε.

Lemma S-2.4. Let f : R+ → R+ be a nondecreasing right-continuous function, with f ≤ c,
and let ρ = max{r ≥ 0 : f(r) ≥ r} = max{r ∈ [0, c] : f(r) ≥ r}. Suppose that there exists
fn : R+ → R+ a sequence of nondecreasing right-continuous functions, with fn ≤ c, which
converges uniformly to f on [0, c + 1]. By letting for any ε > 0 (ε < 1), ρn,ε = max{r ≥ 0 :
fn(r) ≥ r−ε} = max{r ∈ [0, c+1] : fn(r) ≥ r−ε}, ρ+

ε = lim supn ρn,ε and ρ−ε = lim infn ρn,ε,
we have

ρ = lim
ε→0

ρ+
ε = lim

ε→0
ρ−ε .

Proof. Fix ε > 0 and let us first prove ρ ≤ ρ−ε . Let ηn = supr∈[0,c+1] |fn(r) − f(r)|, so that
ηn → 0. Next, for n large enough, we have ε > ηn, and thus

fn(ρ) ≥ f(ρ)− ηn ≥ ρ− ε,

so that by definition of ρn,ε we get ρ ≤ ρn,ε. Hence ρ ≤ ρ−ε , and then ρ ≤ lim infε ρ−ε .
Conversely, let us now prove ρ ≥ lim supε ρ+

ε , which will conclude the proof. For any n and
ε, we have f(ρn,ε) ≥ fn(ρn,ε) − ηn ≥ ρn,ε − ηn − ε. By taking in the latter expression the
supremum limit in n and then in ε, we derive

lim sup
ε→0

ρ+
ε ≤ lim sup

ε→0
lim sup
n→∞

f(ρn,ε) ≤ lim sup
ε→0

f(ρ+
ε ) ≤ f(lim sup

ε→0
ρ+
ε ),

where we used in the two last inequalities that f is nondecreasing and right-continuous Finally,
by definition of ρ, we get ρ ≥ lim supε ρ+

ε .

Part II

General PRDS condition

S-3. Definition

We investigate an extension of the PRDS condition to the continuous setting, called “general”
PRDS condition. Its definition is different from the one of the “finite-dimensional” PRDS
condition introduced in [BDR]. Although it raises some delicate measurability issues, its form
is totally analogous to the finite hypothesis case and hence it seems very natural. Let us



denote by L0(H, [0, 1]) the set of measurable functions from H to [0, 1], which is identified
with a subset of [0, 1]H in the sequel.

We also extend the definition of a nondecreasing subset as follows: a subset D is said
nondecreasing in L0(H, [0, 1]) if D ⊂ L0(H, [0, 1]) and for all z, z′ ∈ L0(H, [0, 1]), if ∀h ∈ H,
zh ≤ z′h, we have z ∈ D implies z′ ∈ D.

Definition S-3.1. (General PRDS condition) Let X : Ω → X be a random variable with
distribution P and p : X → [0, 1]H a p-value functional. For H′ a subset of H , the p-value
process p(X) = (ph(X))h∈H is said to be general weak PRDS on H′, if for any h ∈ H′, for
any nondecreasing set D in L0(H, [0, 1]) such that the preimage p−1(D) is a measurable set
of X , the function u ∈ [0, 1] 7→ P(p(X) ∈ D | ph(X) ≤ u) is nondecreasing on {u ∈ [0, 1] :
P(ph(X) ≤ u) > 0} ; it is said general strong PRDS if the function u 7→ P(p(X) ∈ D |ph(X) =
u) is nondecreasing.

It is important to underline that for the definition of the general strong PRDS con-
dition, we do not require the existence of a regular conditional probability distribution
D(p(X) | ph(X) = u), which would demand additional assumptions on the underlying space.
Rather, the conditional probability is to be interpreted as the simple conditional expectation
E [1{p(X) ∈ D} | ph(X) = u] , which for any fixed measurable D is always well-defined as a
ph(X)-measurable random variable. The general strong PRDS condition is thus the require-
ment that there exists a nondecreasing function f : [0, 1] → [0, 1] such that P-almost surely,
f(ph(X)) = E [1{p(X) ∈ D} | ph(X)]. For the general weak PRDS condition, we are only
interested in values u such that P(ph(X) ≤ u) > 0, so that the conditional probability on this
range can be defined via a quotient of probabilities, and the above discussion is not needed.

Clearly, the general PRDS condition implies the finite dimensional PRDS one. Conversely,
finite dimensional PRDS implies general PRDS for observation spaces satisfying some prop-
erties, see Section S-5.

The general weak PRDS condition is easy to check for instance in the c.d.f. testing example,
as well as the Poisson intensity example. Additionally, we can check that the general strong
PRDS condition holds for testing the mean of a continuous Gaussian process with positive
covariance function; this is a consequence of Proposition S-5.1 and Lemma 3.5. This can also
be proved by reproducing the argument of Benjamini and Yekutieli (2001) (for this, we use
that the σ-field on the Wiener space is generated by cylinders).

S-4. FDR control for a general PRDS p-value process

In the following result, we establish FDR control for a class of multiple testing procedures
which are more general than step-up procedures considered in [BDR]. For this, the following
stronger conditions are assumed:

• general PRDS instead of the finite dimensional PRDS;
• measurability condition (A2’) instead of (A2) (as defined in [BDR]).

Theorem S-4.1. Assume that the hypothesis space H satisfies (A1) and is endowed with
the finite measure Λ. Let p(X) = (ph(X))h∈H be a p-value process satisfying the conditions
(A2’) and (A3). Suppose that the p-value process p = (ph(X))h∈H is general weak PRDS on
H0 , and consider a multiple testing procedure R which can be written under the form ∀x ∈



X(Ω), R(x) = R̃(p(x)) where R̃ : L0(H, [0, 1]) → H is a function (without any measurability
requirement) such that Λ(R̃(p)) is nonincreasing in each p-value, that is, for any z, z′ ∈
L0(H, [0, 1]), if ∀h ∈ H, zh ≤ z′h, we have Λ(R̃(z)) ≥ Λ(R̃(z′)). Assume moreover that R
satisfies (SC(α, π, β)) with α ∈ (0, 1), β(x) = x and π a probability density function on H
with respect to Λ. Then for any P ∈ P, we have the inequality

FDR(R,P ) ≤ αΠ(H0(P )) (≤ α), (S-2)

where Π(H0(P )) :=
∫
h∈H0(P ) π(h)dΛ(h).

Proof. The proof of Theorem S-4.1 is simpler than the one of Theorem 4.1 in [BDR], because
the general PRDS assumption allows us to skip the construction of a finite dimensional approx-
imation of the non-decreasing event “Λ(R) < t”, as we did in the proof of Proposition 5.2 for
step-up procedures. Namely, from the methodology advocated in Section 5, Theorem S-4.1 is
proved as soon as we show that for any h ∈ H0 , the couple of variables (U, V ) = (ph,Λ(R(X)))
satisfies (24). For this, we consider the set D =

{
z ∈ L0(H, [0, 1]) | Λ(R̃(z)) < r

}
which is non-

decreasing from the nonincreasing property of z 7→ Λ(R̃(z)). Then, we may check that the
preimage of D through p is p−1(D) = {x ∈ X : Λ(R(x)) < r} , which is a measurable set
of X , by the measurability assumptions (A2’) on the p-value process and Fubini’s theorem.
From the general weak PRDS property, the function u 7→ P(p ∈ D | ph ≤ u) is nondecreasing,
which shows (24) and completes the proof of Theorem S-4.1.

Obviously, we may easily check that a step-up procedure with β(x) = x satisfies the assump-
tions of Theorem S-4.1; it satisfies (SC(α, π, β)) with β(x) = x from Section 5.2. Moreover,
it is of the form R(x) = R̃(p(x)), by letting for any z ∈ L0(H, [0, 1]), R̃(z) = {h ∈ H : zh ≤
απ(h)r̃(z)} where r̃(z) := max{r ≥ 0 : Λ({h ∈ H : zh ≤ απ(h)r}) ≥ r}. We easily check
that R̃ is well defined (remember that no measurability property are required for R̃, except
that R̃ is valued in H).

Since the step-up procedures maximize the rejection volume within the self-consistent pro-
cedures and thus are more powerful for the same level of FDR control, we may legitimately
ask whether considering any other self-consistent procedure is relevant and therefore, whether
the general PRDS condition is useful (at least through Theorem S-4.1). What we want to em-
phasize here is that in some “constrained” cases, the procedure of interest may not be of
the step-up form while it stays self-consistent. For instance, considering some discrete D

subset of R+ containing 0, we can consider R̃D(z) = {h ∈ H : zh ≤ απ(h)r̃D(z)} where
r̃D(z) := max{r ∈ D : Λ({h ∈ H : zh ≤ απ(h)r}) ≥ r}. This can be useful in practice
if no explicit expression stands for the step-up procedure. In that situation, Theorem S-4.1
can be applied to control the FDR in replacement to Theorem 4.1, by proving the general
PRDS condition (note that the control is on the continuous FDR even if this procedure is of
a discrete nature).

S-5. Case where finite dimensional PRDS implies general
PRDS

Clearly, the general PRDS condition implies the finite dimensional PRDS one. Whether finite
dimensional PRDS implies general PRDS for arbitrary spaces stays an open problem. As a



matter of fact, even if the σ-field on X is the product σ-field, while any element of the product
σ-field can easily be approached by cylinders, we were not able to state that a non-decreasing
element of the product σ-field can be approached by non-decreasing cylinders.

Nevertheless, under some additional topological assumptions, that are for instance satisfied
for continuous p-value processes, the latter reasoning works out rigorously and we may prove
that the finite dimensional PRDS condition is equivalent to the general PRDS condition.
For this, we assume that X is a complete separable metric space, endowed with a metric d
and the corresponding Borel σ-field. The index set H is assumed metric and endowed with
the corresponding Borel σ-field. As usual, we suppose that the p-value functional (ph(x)) is
measurable, that is, satisfies (A2).

Proposition S-5.1. Assume that the p-value functional p = {ph, h ∈ H} is separable, i.e.
that there exists a countable, dense subset T of H such that for every y ∈ X , the following
property holds:

∀h ∈ H, ∃(h1, h2...), hn ∈ T, s.t. hn → h, phn(y)→ ph(y). (S-3)

Assume the two following topological properties: for all h ∈ H the coordinate projections
x ∈ X 7→ ph(x) are continuous functions and

for any B(y, ε) = {x ∈ X : d(y, x) < ε},
the set {z ∈ B(y, ε) : ∀h ∈ H, ph(z) ≥ ph(y)} is of non-empty interior.

(S-4)

Then, for a given subset H′ ⊂ H, the p-value process p(X) = {ph(X), h ∈ H} is finite
dimensional weak (resp. strong) PRDS on H′ if and only if it is general weak (resp. strong)
PRDS on H′.

As illustration, the assumption of the above proposition are satisfied for any continuous
p-value process on H = [0, 1]d: in that case, we may directly take X as the set of continuous
functions from [0, 1]d to [0, 1], endowed with d(z, w) = ||z−w||∞ and ph(x) = xh as the identity
function. It is easy to check that the process p = {ph, h ∈ H} is separable, because [0, 1]d

is separable and because the p-value process is continuous. Finally, condition (S-4) holds; for
any open L∞-ball B(y, ε), we can consider w = y + ε/2 (defined as ∀h, wh = yh + ε/2), so
that any z ∈ B(w, ε/2) satisfies z > w − ε/2 = y and d(y, z) ≤ d(y, w) + d(w, z) < ε, hence
B(w, ε/2) ⊂ {z ∈ B(y, ε) : z > y}.

For a càdlàg p-value process, the above result can not be applied because the Skorohod
topology does not satisfy the required topological assumptions. From an intuitive point of
view, the time rescaling of the Skorohod distance is not compatible with the coordinate-wise
property of non-decreasing sets.

We now prove Proposition S-5.1.

Proof. Let us prove the result for the strong PRDS property (the weak PRDS case is similar).
Assume that the finite dimensional PRDS property is valid. Let h ∈ H′, let 0 ≤ u ≤ u′ ≤
1, and prove that for any nondecreasing set D ⊂ L0(H, [0, 1]) such that D = p−1(D) is
measurable, we have

µu(D) ≤ µu′(D), (S-5)

where we have denoted µv(D) := P(X ∈ D | ph(X) = v) for v ∈ {u, u′}.



First, we prove that it is sufficient to show (S-5) only for closed sets of the form D = p−1(D)
with D nondecreasing. For this, consider any measurable set of the form D = p−1(D) with D
nondecreasing. Since the space X is assumed to be a complete separable Borel space, µu and
µu′ , defined at the first place as conditional expectations, can be also defined as conditional
probabilities on X . Therefore, the regularity property of probability measures implies that,
for v ∈ {u, u′}, for a fixed ε > 0, there exists a compact set Kv ⊂ D = p−1(D) such that

µv(D)− µv(Kv) < ε.

Letting Kv = p(Kv) ⊂ D and K
′
v = ∪x∈Kv{q ∈ L0(H, [0, 1]) : q ≥ p(x)} = ∪p∈Kv

{q ∈
L0(H, [0, 1]) : q ≥ p}, since D is nondecreasing, we get Kv ⊂ K

′
v ⊂ D and thus letting

K ′v = p−1(K ′v) ⊂ D, we get Kv ⊂ p−1(p(Kv)) ⊂ K ′v and thus µv(D)− µv(K ′v) < ε. Since Kv

is compact, we easily check that K ′v is closed (for a sequence yn ∈ K ′v converging to y ∈ X ,
there exists a sequence xn ∈ Kv with ph(xn) ≤ ph(yn) for any h ∈ H. Up to consider a
subsequence, we get by continuity of the coordinate projection on h that there exists x ∈ Kv

with ph(x) ≤ ph(y) for any h ∈ H). Next, we consider F = K ′u ∪K ′u′ ⊂ D which is a closet
set satisfying µv(D)−µv(F ) < ε for v ∈ {u, u′} and such that F = p−1(K ′u∪K

′
u′). Note that

K
′
u ∪K

′
u′ is nondecreasing. As a consequence, if (S-5) holds for F , we have

µu(D)− ε ≤ µu(F ) ≤ µu′(F ) ≤ µu′(D),

for any ε > 0, which implies (S-5) for any measurable set of the form D = p−1(D) with D
nondecreasing.

Second, we consider a closed set F = p−1(F ) with F nondecreasing, and we denote O = F c

and O = (F )c (such that O = p−1(O)). From the first point above, the proof of the proposition
will be finished if we show that µu(F ) ≤ µu′(F ), or equivalently

µu(O) ≥ µu′(O). (S-6)

Note that the set O is nonincreasing, that is, for all x, y with x ≤ y, y ∈ O implies x ∈ O.
Let us prove now that

O =
⋃
z∈O0

{y ∈ X : p(y) ≤ p(z)}, (S-7)

where O0 ⊂ O is any countable and dense set in O. If y is such that there exists z ∈ O0 with
p(y) ≤ p(z), we have y ∈ O since O is nonincreasing. Conversely, take y ∈ O; since O is an
open set, there exists ε > 0 such that the ball B(y, ε) is included in O. Applying (S-4) and
since O0 is dense in O, the set {z ∈ B(y, ε) : p(y) ≤ p(z)} contains at least one element of
O0. This implies that y is included in the right-hand of relation (S-7). Finally, rewritting O0

as {zk}k≥1, expression (S-7) is equivalent to

O =
⋃
K≥1

⋃
k≤K
{y ∈ X : p(y) ≤ p(zk)}. (S-8)

Next, because the process is separable, we can fix a countable set T such that (S-3) holds
for any y ∈ X . Letting T = {hn}n≥1 and An,k = {y ∈ X : ∀i = 1, ..., n, phi

(y) ≤ phi
(zk)}, we

get for any fixed zk ∈ O0,⋃
k≤K
{y ∈ X : p(y) ≤ p(zk)} =

⋃
k≤K

⋂
n≥1

An,k =
⋂
n≥1

⋃
k≤K

An,k. (S-9)



The last equality comes from the following argument: fix y such that ∀n ≥ 1, ∃kn ≤ K with
∀i = 1, ..., n, phi

(y) ≤ phi
(zkn). Then, since the sequence {kn}n takes values in the finite

set {1, ...,K}, there exists a subsequence {σn} and a k ≥ 1 such that kσn = k for large n.
Therefore, for large n we get ∀i = 1, ..., σn, phi

(y) ≤ phi
(zk). Hence, for all n ≥ 1 we have

∀i = 1, ..., n, phi
(y) ≤ phi

(zk), which gives (S-9).
Then for any n ≥ 1 and K ≥ 1, since the event X ∈

⋃
k≤K An,k only involves the finite

subset of p-values {phi
(X), i ≤ n} and equals {phi

(X), i ≤ n} ∈
⋃
k≤K{q ∈ [0, 1]{hi,i≤n} :

∀i = 1, ..., n, qhi
≤ phi

(zk)}, which is a nonincreasing set of [0, 1]{hi,i≤n}, we get from the finite
dimensional PRDS property that P(X ∈

⋃
k≤K An,k | ph = u) ≥ P(X ∈

⋃
k≤K An,k | ph = u′).

Since
⋃
k≤K An,k ⊂

⋃
k≤K An−1,k, by letting n→∞, we thus have for any K ≥ 1,

P(X ∈
⋂
n≥1

⋃
k≤K

An,k | ph = u) ≥ P(X ∈
⋂
n≥1

⋃
k≤K

An,k | ph = u′).

Hence, using (S-9), we get for any K ≥ 1,

P(X ∈
⋃
k≤K
{y ∈ X : p(y) ≤ p(zk)} | ph = u) ≥ P(X ∈

⋃
k≤K
{y ∈ X : p(y) ≤ p(zk)} | ph = u′),

which finally implies (S-6), by letting this time K tending to infinity and from (S-8).
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